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m Outline of the course

Session 1. commonand useful built-in Mathematicafunctions; variable assignment and function definition;
the Front End and the Kernel; Notebooks.

Session 2: organisation of datain Mathematica; lists and expressions; simple programming; functions;
nesting.

Session 3: the opportunity to develop your proficiency as a Mathematica user through work on an extended
problem; Case Studies;, Mathematica resources on the Internet.

m Rationale

We're not attempting an exhaustive surveyathematica’'s capabilities: we couldn’'t come close to doing

justice to that task in the time we have. Equally, there are dozens of specialisedMs#sefoatica (in

pure and applied mathematics, physical science, engineering etc.) that we can’t hope to address here (though
some are touched on in our “Case Studies”: see below). Instead, we focus on the key elements of the
Mathematica system and how the system is used.

These course notes are not intended as a substitute for the manual, Whed¥lashematica Book

(Cambridge University Press, Third Edition, 1996), by Stephen Wolfram. The entire contents of the
manual, and more, are availableMathematica's extensive online Help system, which you should certainly
take time to explore.

In addition to these course notes we have prepared some Case Studies, or “commaviétisbrsatca
for the academic user’. These are an attempt to address just a few of the more specialised roles in which
Mathematica is used.

This booklet includes information about the various free sourddstbematica information on the
Internet, and how to get in touch with the world-widkethematica user community. There are numerous
other books besides the Wolfram “manual”’ abidathematica itself, and its use in mathematics, science,
engineering and finance (and some of these are available in other languages).
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m Session 1

In this session, we explore the arithmetical, symbolic and graphical capabilitiesof Mathematica. We cover
global variable assignment and local variable substitution, and introduce you briefly to the idea of defining

your own Mathematica functions (to be coveredin moredepth in Session 2). We also explore some key
characteristicsof Mathematica's user interface. The final section (1.6) on Notebooks is optional: you may
prefer to skip it for now and come back to it at a later time.

Each section consists of a piece of text followed by some exercises. Exercises marked with a five-pointed
star () are central, and you should do all of these if you have the time. The other exercises, while useful,
are more peripheral and can be skipped if necessary.

All Mathematica code is printed in these notesdour i er Font. We have used the ellipsis mark
“...” to indicate where code has been missed out.

= Gettinghelp
If you get stuck, here are some ways to recover:

» Use the Help systems, which are especially useful for finding out kablematica functions.
There is the system activated from Hhedp item in the menu (this gives access, amongst other
things, to the entirMathematicauser manual), or you can use the special query charaitigyet

infarmatinr ahnii any fiinetinn for ayamnle
?Sgrt
= You can do “wildcard” searches as well. The following queried/eskematica to list all the

function names beginning with, or ending wighpt , respectively:

?Pl ot *

?*Pl ot

» If all you need is a reminder of the syntax of a command, type the command name, then hold down
the shift and control keys and type K, for example

Plot <shift -control -K >
» [f a command doesn't work properly check the error messages (in blue text).

= If your input is simply returned unchanged, with no error messages to help, it means that
Mathematica is unable to do anything with what you have typed. Check that you have spelt the
command correctly, that the number of inputs is correct, that you haven't left out any commas, and
that the types of the inputs (integer, real number, symbol, and so on) are appropriate. These are

tHhr mrnAaAn AArArmA A AnTIi A~ Af R~ AveAr

= |f Mathematica seems to have stoppédort the calculation or (more drastiQuit the Kernel,
using theKernel menu.
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= |If everything seemsto have gonewrong Quit or Exit from Mathematica (viathe File menu) and start
again. It's a good idea t&ave your work as you go along so that you can recover from these situations.

m 1.1 Arithmetic

At its simplestMathematica can be thought of as a highly sophisticated calculator. Like a calculator, it
does arithmetic, for example:

2+5

2%5

25

25

100!
Sin[Pi /3]
Sgrt [50]
27 (1 +4)
Log[2, 9%

etc. To geMathematica to perform a calculation, hold down tseft key and presseturn (on some

keyboards callednter or [J). The shift-return operation sends “instructions” from the interface where you’
re typing to the “engine” dlathematica for processing: see Sections 1.6—1.7 for more about this. So to lay
out code more clearly on the screen you can use “return” characters.

You'll notice right away two peculiarities of the syntax. One is that the namesuidthmatica
functions, variables and constants begin with capital letters. This is impbtétimématica is completely
case-sensitive, and it will simply be unable to interpret, for instance:

sin[pi /3]

The other is that square brackéts, ] and round parenthesés,. ) are both used iMathematica, but

not interchangeably. The former are always used to enclosegimeents of functions such asi n. The

latter are used only for the purposeyduping expressions either algebraically, as here, or procedurally, as
you'll see in Session 2. Otherwise, the notation for arithmetic is straightforward, except to note that a space
can implicitly mean multiplication.

The percent sign¥4 is used to mean “the last output’ (so the final expression in the above list will calculate
the logarithm to base 2 of 32). You may have noticed that all inputs and outputs are numbered and can be
referred back to using those numbers (see Section 1.6).
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Note, too, that some of the above calculations can be laid out in away that correspondsmore closely to
conventional mathematical notation, by using the Basic Input palette. Thiswill probably have appeared
automatically on the right of your screen. If it hasn't, find it in theFile menu undePalettes. For example:

25

7T
Si —
|n[3]

\/50

21+4

and so on. This is especially useful when you need to build up large expressions.

All the above are examples®fact arithmetic, carried out using whole numbers, rationals, surds or rational
multiples of constants such Ris. Mathematica will also perform approximatépating-point arithmetic of

the sort that conventional calculators can do. Numbers entered with a decimal point are interpreted as
approximations, even if they're integers, and all other numbers in the same expression (with the exception
of symbolic constants such Bis) will be converted to this latter form. For example:

100. 0!
\/50.0
3. 35759100
To forceMathematica to convert exact expressions to decimal ones, you can usetimemand, as in:
N[V50]
N[Si n[x/3]]
N[V50, 25]
N[7, 200]
The last two cases illustrate one way in wiNdihematica can be made to work to arbitrary precision.

Mathematicawill handle complex numbers as well as real ones: see the exercises for some examples.

m Exercisesl.1

* 1. Typein and test all the code in this section.

* 2. Try the following:
(3 -21) % (1 +1)

(1 + 51)?
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Conj ugate[2 - 51]

Abs[12 - 51]
Arg[l + V3 1]

Exp[ = Log[2] + = I
p[; g[21+ - ]
S rrplify[Exp[% Log[2] +%|]]

Conpl exExpand| Exp[-;— Log[2] + -Z-:- 1']]

m 1.2 Algebraand Calculus

Aswell as being an arithmetical calculator, Mathematica is also an algebraic one. For example:
Expand[(x + 2y)? (x -3Y)°]
Fact or [Y4

For more on the manipulation of algebraic expressions, seethe exercises.

Equationsin Mathematica are set up using adouble equalssign, "==": thisis becausethe single equalssign
has a different meaning, which we introducelater on. The Sol ve commandtriesto find exact solutionsto
algebraic equations:

Solve[x?-3x +2==0, X]
Solve[x?*-3x3+5x?2-11x+2==0, Xx]
Solve[{x+4y==5, 2x-y ==8}, {X, Y}]

Noticethe use of curly brackets— braces — in the laSibl ve command. Curly brackets are used in
Mathematica to group pieces of data together, forming structures dastsd These are studied in more

depth in Session 2. For the moment, it is enough to note the kinds of circumstances when lists crop up.

Here, we need to group the two equatianisdy = 5 and —y = 0, and the two unknownsandy.

For equations that do not have exact solutions, or for those whose exact solutions are unwieldy (such as

guartic polynomials), there is tiNSol ve command which operates using a sophisticated repertoire of
numerical methods :

NSol ve[x’ +3x*+2 ==0, Xx]
NSol ve[x* -3 x3 +5x%-11x+2==0, X]

Mathematica will perform calculus operations too. Single-variable differentiation:
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D[X?, X]
or equivalently:

dy X2
Partial differentiation:

DLy x?, X]
or equivalently:

x (y x?)
Total differentiation:

Dt [y x*, x]
Indefiniteintegration:

| nt egr at e[x = x]

or equivalently:

Jx B dx

Definiteintegration:
| nt egr at e[x B, (x, -3, 3} ]

or equivalently:

3 2
J x B dx
-3

TheNI nt egr at e command uses numerical integration methods: essential for those cases where analytical
approacheswould be difficult or inappropriate. For example

NI ntegrate[E‘Xz/Z, {x, 0, 1}]

m Exercises1.2

* 1. Typeinandtest al the codein this section.

2. UseMathematicato find all the solutionsin the complex plane of the equation cosz = 2.

1

3. UseMathematica to express —=

andy arereal.

intermsof itsrea and imaginary parts, wherez = X + iy, and x

* 4. Trythefollowing:
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2 X ]
(1+X%2) (1+X)

Apart [

Toget her [%4

Expand[ (3 + 2X)2 (X + 2Yy)?]
Col l ect [% X]

Expand[ (3 + 2X)2 (X + 2Yy)?]
Sinplify[%

x"2+5x+6]
X+3

X"2 + 5X + 6
X+3

Cancel [

Nuner at or[

]

* 5. Openthe Algebraic Manipulation palette (under Palettes in the File menu). This palette, unlike
Basic Input, has the setting "Evaluatein Place". To find out what this means, first type, without
evaluating,

2 +3X +x2
B D4
J 2+2X+X2
Then select the fractioninside the integral, and click onthe Apart [m] button. With the same

piece of text selected, click on Toget her [m] . Tryusing Expand [m] onthe numerator,and

so on. Explorefurther. Investigate, too, the use of the Evaluatein Place instruction (under
Evaluation inthe Kernel menu).

6. Type
Sumii/r”2, {r, 1, 6}]

or
8 (1
> ()
Try summingfrom 1 to 20. Expressthe sumasadecimal.

Try summingfrom 1to n, and from 1 to infinity (I nf i ni t y in Mathematica, or use the co symbol
from the Basic Input palette).

7. Solvethe ordinary differential equation

by typing
DSol vel[y'’ [X] + Y[X] == 0, y[x], X]
Solvethis differential equation subject to theinitial conditionsy(0) = 1, y'(0) = 0, by typing
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DSol ve[{y'' [x] + y[x] == 0, y[0] ==1, y' [0] == 0}, y[x], Xx]

Find a second-order linear ODE that Mathematica cannot solve.

m 1.3 Assignment,substitutionand function definition

Asyouve seen, the percent sigh,gives us a useful way of referring to earlier output. And in fact you can
refer to any output in this way using its “In/Out” number—see Section 1.6. However, it's inadvisable to
rely on%in this way. The principal drawback is that if you save your work and call it up again, or even if
you need to edit or debug work you've already done, the sequencing ortadeplends can be disrupted.

It's better instead to get into the habinaiming things which it’s likely you'll want to use again, like this:

2 X

expressi onl
(1 +%2) (1+x)

expressi on2 = Apart [expressi onl]

expressi on3 = Toget her [expressi on2]

TrueQ[expressi onl == expressi on3]

An important thing to note is the use of the single equals sign, =, in commands such as

2 X
(1+x%x2) (1+Xx)

expressionl =

which means “let the symbekpr essi onl have valuem)@z)ﬁ". This is to be distinguished from

the double equals signas=, which, as you've seen, is used to set up equations. The final command,
TrueQ[expressi onl == expressi on3]

means “test whether the equatexpr essi onl == expressi on3 is true for all values of the variable
or variables”. Notice the fin& in the function name: this is a convention for logical functions (those
whose output i3r ue orFal se).

Assigning values to symbols in this way is clearly very useful: indispensable, in fact. But one thing that's a
disadvantage in some circumstances is that these assignments are coghfivetelynless we take steps,
the symboéxpr essi onl will continue to call up the valugh)@z)% in whatever future context we

use it. This is not irreversible: we can mak@r essi onl into an unassigned symbol againdsaring
its value:

Cl ear [expressi onl]

We could also quit ouvathematica session: that will clear all assignments pretty effectively, and leave
everything clear for our next go! But these approaches are all fairly cumbersome, and it's sometimes more
appropriate to avoid global assignments of this type and ojadarsubstitution instead.
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Comparethe following pieces of code, each of which aimsat finding the value of the expression x? — 5x + 9
atx = 3. Here's the first one:

X = 3
x2 5% + 9
Cl ear [x]

Here's the second:
x2-5x+9 /. X -> 3

In the first, it's clear what we’'ve done: the value 3 has been assigned to the syaribthe quadratic
expression evaluated; finally, the symbkdias been cleared. The second piece of code is more obscure: it
means “evaluate the expressida- 5x + 9subject to thelocal substitutionx = 3”. The 7 . ” is a shorthand

for theRepl aceAl | command. Itis not necessary to cheafterwards, since has never been assigned
any value. Instead, all occurences df the expression®— 5x + 9 have simply been replaced by 3, with

no permanent effect onat all.

The structure -> 3 is an example of what's calledale. You may recall that the output frc®ol ve
is generally in the form of a list of rules (more about that in Session 2, and Case Study 6).

A related idea to assignmenfisiction definition. Here’s an example:

d ear [X]
fIXx ] :=%x>-5x+9

What's happened here is this: the symbbbs been cleared, in case it had any value attached to it, and the
functionf has been defined, such thgk) = x2 —5x + 9. We can now use this function like any built-in
one, for example:

f [3]

flz]

DIf [z], Z]
f' [x]

Notice that we've used the compound symboinstead of in the definition This is almost always
appropriate for function definition, andis almost always appropriate for variable assignment, though this
is more complex than it seems and exceptions do exist.

Notice, too, that on the right-hand side of the defining statemenntieescor e symbol, , has been used.
This gives the status of placeholder ordummy variable standing for all possible arguments. If you
want to explore what happens when you leave the underscore out, try typing

dear[x, f]
fIx] :=%x>-5x +9
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f[X]

f [3]

flz]

DIf [x], X]

DIf [z], z]

f [x]
Workingwith your own functionsin Mathematica alwaysinvolvestwo distinct stages: first you definethe
function, using the underscore character and (usually), "colon-equals'. After that, Mathematica has "learnt"
this new function, and for the rest of your session you can useit in just the sameway as inbuilt functions

suchasSi n and Sqr t . Notethat thefirst step, defining the function, doesn’ tgenerate any output; this can
be disconcertingthefirst few timesyou seeit.

Our f in the above examplecorrespondsexactly to a“function” in the mathematical sense. Butin
Mathematica, the term is rather broader. For example, the following is a “function” for comparing two
expressions and deciding whether they appear to be algebraically equivalent (Matheastica can
make out):

al gequi vQ[exprl , expr2_1 : = TrueQ[Si nplify[exprl-expr2] ==0]

Having "taught'Mathematica the algEquivQ function, we can now use it. The expression$)® — 1 and
X(X+ 2) are algebraically equivalent...

al gEqui vQ[ (x +1)2 -1, X (X +2)]
... Whereas the expressigrs- 1)? - 1 andx?(x + 2) are not;
al gEqui vQ[ (x + 1)3 -1, x% (X +2)]

Notice that we've made all our functions start with lower case letters. This is a good idea in general, to
avoid clashes between your own functions and internally defilaitematica ones and to make it clear, to
yourself and other users, which is which.

m Exercises1.3

* 1. Type in, and test, the first section of code, which assigns values to the syxgbassi on1,
expressi on2 andexpr essi on 3 and tests the equivalencesafpr essi onl and
expressi on3. Find, in turn, the value of each of these expressionsxvieh: do this by
assignmerdnd by local substitution.

Implemenexpr essi onl as a function of, and check that this function evaluates to what you
would expect at 5.

* 2. Define the functioal gEqui vQas in the text. Test it on the pairs:

()  X+2x+1andx+1)?
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.. Y +5y+6 _
(II) Tandy+2,

(iii) cos2tandcos?t — sin’t.

Try to find an equivalent pair for whichal gEqui vQfails. How about if youuse Ful | Si npl i fy
instead of Si npl i fy?

3. Write, and try out, your own function called equal At Q, which tests whether two expressionsin the
same variable have equal valueat agivenvaueof the variable. Thus

equal At Q[2x%, 6Xx, {X, 3}]
should return Tr ue.

4. Thefunctionssi ze andbi gger , defined below, make use of Mathematica’'sl f command.
size[x_] := If[x>2000, "big", "small"]
bigger[a_, b_]:=I1f[a<b, b, a]

Explorethese two functions by typing, for example
si ze[1000]
Si ze[10000]
bi gger [3, 4]
bi gger [3, 3]
andsoon. Try:
bi gger [Log[4], 2Log[2]]

What seemsto have gonewrong? Use these inputsto test the following two "improvements" of
bi gger:

bi gger2[a_, b_1:=1f[TrueQ[a<b], b, a]
bigger3[a_, b_]:=I1f[a<b, b, a, $Fail ed]

Which "improvement™ do you think is better and why?

= 1.4 Graphics

Mathematica incorporatesawide range of two-and three-dimensional graphicsfunctions. Thesimplestis
Pl ot , which generatestwo-dimensional Cartesian graphs, asin:

Pl ot [Sin[x], {X, -m =}]
Pl ot [{Sin[x], Cos[x]}, {X, -m, 7}]

(Noticeagain the use of curly bracketsto formlists.) It's importantto bear in mind thBt ot always
assumes that graphs aostinuous. Functions with asymptotes will often come out wrong, therefore, with
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large, positive valuesjoined to large, negativevalues across an asymptote(try plotting Tan[ x] to seethe
effect).

Y ou can take control of some of the characteristicsof the plot by meansof what are called option settings
for example:

Pl ot [Sin[x], {X, -m x}, PlotRange -> {-1.5, 1.5}]

Pl ot [Sin[x], {X, -m =}, PlotRange -> {{-2nx, 27x}, {-1.5, 1.5}}]
Pl ot [Sin[x], {X, -m x}, AspectRatio->1]

Pl ot [Sin[x], {X, - x}, AspectRatio-> Automati c]

Pl ot [Sin[x], {X, - x}, AspectRatio-> Automatic,
Pl ot Range -> {{-2m, 2x}, {-1.5, 1.5}}]

These use the substitution rulesyou met in Section 1.3. For acompletelist of optionsfor Pl ot together
with their default settings, type:

Opti ons[Pl ot ]
For al that and more, type:
?? Pl ot

Note that many Mathematica functionsfeature option settingsin thisway: they are by no means confined to
graphical functionssuch as Pl ot . Optionsare an important way of buildingin flexibility, and you can do
thiswith your own functionstoo (see the manual: Section 2.3.10).

ThefunctionPar amet ri cPl ot can be used to generate plots of pairs of parametric equations, asin
ParanmetricPlot[{t + Sin[t], 1 + Cos[t]}, {t, O, 4x}]
ThefunctionLi st Pl ot canbe used to generate plots of sets of coordinatesstructured aslists, asin:

Li st Pl ot [
{{0.0, 1.2}, {1.0, 2.9}, {2.0, 5.3}, {3.0, 7.0}, {4.0, 8.8}}]

Two graphics can be combined on the same pair of axes by meansof the Show command:
lineplot = Plot[2x+1, {X, 0, 4}]

dotplot =ListPlot[
{{0.0, 1.2}, {1.0, 2.9}, {2.0, 5.3}, {3.0, 7.0}, {4.0, 8.8}}]

Show[l i nepl ot, dotpl ot]

The principal three-dimensional plotting functionsare Pl ot 3D, Par anmet ri cPl ot 3D and
Cont our Pl ot (thelast-named produces a two-dimensional contour plot of afunction of two variables).
These are explored further in the exercisesfor this section.
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Notice, by the way, the way one of the inputs aboveis broken over two lines, to fit within the width of the
page. Mathematica does this automatically, or you can override the default line breaks using the "return”

key.

m Exercises1.4

* 1. Typein, andtest, all the codein thissection. Note down in particular the effect of all the option
settingsfor Pl ot . Explorethisfurther if you needto. Test theeffect ontheLi st Pl ot command
of the optionsPl ot Joi ned -> True andPl ot Style -> PointSize[0.03].

2. Usel f todefineafunctioncalleduni t St ep, which evaluatesto O for inputsequal to O or less, and
to 1 otherwise. Generatea plot of thisfunctionfor -3 < x < 3.

3. Usethe Show commandto generate a figure showing a straightforward function plot of the curve
y = X% on the same axes as a parametric plot of the curvex = y?. The scales should be the sameon
either axis.

4. Writeafunctioncalledpl ot W t hl nver se, such that, for example
pl ot Wt hl nverse[x? - x*, {x, -3, 3}]

returnsa plot of the curve y = x? — x* on the same pair of axes as a (parametrically defined) plot of
the curvex = y2 — y*. The scales should be the same on either axis.

* 5. Typethefollowing:

2

Pl ot 3D[ (x2 -y?) EX*Y, (x, -2, 2}, {y, -2, 2}]

Contour Pl ot [ (x2 -y2) E™*7Y", {x, -2, 2}, {y, -2, 2}]

Cont our Pl ot[(xz—yz) EX*Y? (x, -2, 2}, {y, -2, 2},
Cont ours -> {-0.1, -0.05, 0.0, 0.05, 0. 1}]

Parametri cPl ot 3D {Cos[e], Sin[e], h}, {e, 0, 2=}, {h, -3, 3}]
Parametri cPl ot 30 {Cos[e], Sin[e], e/5}, {e, 0, 8mx}]

See Case Study 3 for how contour and surface plots may be combined.

6. Generateaplot of thesurfaceu = x? + y2. Generate, too, a parametricplot of the unit sphere. Show
these two figures on the same diagram.

m 1.5 DataFitting

Although Mathematica is not a dedicated statistical package, it doescomewith alarge set of statistical
capabilities. Thereis not nearly enough timeto cover themall on this course, so we focus on one that
colleaguesfind especially useful, namely regression and datafitting.

Thisis used whereyou have some data (from an experiment, say) and a mathematical model that you are
pretty confident describesyour data, but that contains some constants (known as parameters) whose values
you do not know but wish to estimate. For example, suppose that we have the following data...
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datal = {{0.1, 1.33075}, {0.2, 1.40597}, {0.3, 1.70496},
(0.4, 1.67045}, {0.5, 1.79961}, {0.6, 1.72460}, {0.7, 1.49204},
(0.8, 1.36424}, {0.9, 1.14697}, {1.0, 0.815808}}

We can plot this data by typing
dat aPl ot 1 = Li st Pl ot [dat al]

Suppose, too, that we believe the datato comefrom amodel of theform y = a+ bx + ¢ x?, but that we do
not know the values of the constantsa, b and c. Now, experimental dataaways has random errors
associated with it. We relooking, therefore, for an expression of the forma + b x + ¢ x? that, whileit is
unlikely to fit the data perfectly, is the best fit available. Mathematica can generate this "best fit" expression:

bestFitl=Fit[datal, {1, x, X%}, X]
We can generateaplot of thisfunction...

curvePlot1=Plot [bestFitl, {x, 0, 1} ]
... and superimposethis on the original data:

Show[dat aPl ot 1, curvePl ot 1]

m Exercises1.5

* 1. Typeout and test all the codein this section.
2. Thedata

dat a2 =

{{0.3, 13.9112}, (0.6, 7.74621}, {0.9, 6.24733}, {1.2, 5.74747},
(1.5, 5.61938}, {1.8, 5.819}, {2.1, 6.1611}, {2.4, 6.61437}}

isbelievedto comefromalaw of theformy = ax + b/ x. Usethe datato estimatethe values of a
and b, and generatea plot of the best fit curve superimposed on the data.

* 3. Mathematica hasafunctioncalled Mul t i pl eLi st Pl ot that is specially designed for plotting

statistical data of thistype. However, like many "specialist" commandsit is only accessibleif you
load the library packagethat containsit, which you can do by typing

<< G aphics* Ml tipleListPlot*

Typein the two data sets

data3 = {{-2, -1.76596}, {-1, 1.37393}, {0, 2.88781},
{1, 4.43359}, {2, 7.36544}, {3, 8.63811}, {4, 11.2147},
(5, 13.158}, {6, 14.5677}, {7, 17.4601}}

and
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dat a4 = {{-2, -2.2784}, {-1, 0.101452}, {0, 1.5432}, {1, 3.52656},
{2, 4.83611}, {3, 5.79492}, {4, 8.68178}, {5, 11. 0616},
(6, 12.3439}, {7, 13.8627}}

[llustrate them both by typing
mul t Pl ot = Mul ti pl eLi st Pl ot [dat a3, dat a4]

Y ou might need to enlarge the plot to see the distinct point symbolsMathematica has used to
distinguish the two data sets.

Find the best fit straight lines for each data set and show graphs of them both on the same diagram as
your points.

For additional statistical analysis(standard errors, t-statistics and so on) Mathematica has afunction
called Regr ess, that you can load by typing

<< Statistics'LinearRegression’
Try
Regress[datal, {1, x, x°}, X]
Y ou can find out more about this function using the help systemif you need to.
TheFi t commandworkswhenever the model we are tryingto fit to the data has the form
y=ag fo(X) + a1 f1(X) + & fo(X) +... + &, fn(X).

Fitting amodel of thiskindis called linear fitting. Althoughthis coversalot of situations, there are
circumstancesin which we can’tuseit. For example, consider the data set

dat a5 = {{-0.3, 4.4743}, {-0.2, 4.6063}, {-0.1, 4. 76847},
{0, 4.97541}, (0.1, 5.23563}, {0.2, 5.5614}, {0.3, 5.9760}}

Thisis believed to comefrom amodel of the formy = a+ €%, which does not conformto the above.
To get the best fit for this datawe haveto load the package

<< Statistics'NonlinearFit"
then type
Nonl i near Fi t [dat a5, a+ E°*, x, {a, b}]
Try typing
Nonl i nearFit[data5, a+ EP*x  x, {a, b}, ShowProgress -> True]

What do you think is going on?

16
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m 1.6 TheFront End and theK ernel

Mathematica isn't just one program: it's two. When you click on tMathematica icon, what gets loaded
is theFront End: the part oMathematicathat handles things like screen display of input and output,
printing and the creation of files. When you do your first calculatiork #hael gets loaded: the
“calculating engine” oMathematica.

For this reason, the first calculation always seems to take a very long time. Many users get into the habit of
kicking off with something innocuous like

2+2

then going on to more serious calculations once the Kernel is up and running.

It's possible to evaluate code that is already present, or to edit and re-evaluate: simply click in the text, edit
if necessary, thershift-return” in the normal way.

The detached relationship between the Front End and the Kernel is not very common for computer programs
these days, and can take some getting used to. Those readers who used computers in the pre-micro days of
the 1970s-80s will be familiar with the idea of typing locally, sending text down a wire to be processed by a
mainframe computer elsewhere, and getting output back through the wire. Indeed, you could think of
“shift-return” as a “send” instruction.

So, what happens when you press “shift-return” is the following: theMaktt¢matica command) that you’

ve typed is sent to the Kernel as input, and it sends back the output from processing your command, which
appears just underneath the input, and a “line number” which appears as a label for both input and output
(theln[...] andOut[. . .]). It's worth knowing that whereas the percent signmeans “the last output”,

%61, say, means “output number 61” of the current Kernel session.

The Front End-Kernel split may at first sight seem to be no more than a complication. But it makes
Mathematica very powerful and useful in a number of ways. First, the Front End and Kernel need not be
located on the same machine, so you catMatkematicain the comfortable environment of your personal

PC or Macintosh whilst exploiting the computational power of a remote workstation. Instructions for

setting up remote links like this depend on what platform (computer system) you're using. Secondly, the
Front End is designed to offer a sophisticated document interface, and this is claimed (by the developers,
and with a certain amiunt of justice) to be of professional word processor quality. In the next section we
describe the most basic features of “notebook” documents. We've labelled the section “advanced”, meaning
that it's not essential to go through it now, but it's advisable to do so at some point.
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m 1.7 Advanced Topic: Notebooks

I Three-Dimensional Graplucs

B The FOGT Nmcion j_

This FEDQrANs SURad Jlars tor tunerlons of tno variahles.

R reend il
Plot3¥[Sin[x ¥], {x, -2, 2}, {y, -2, 23]

(et s e T

=Sur faceGraphics-

Figure 1: excerpt from a Mathematica notebook

Asyou work in Mathematica, a documentisbuilt up. Knownas anotebook, thisisabit likeaword
processing document in a Windowsor Mac application such as Word or WordPerfect: you can saveit, you

can select, cut and paste within it, you can mouseto different pointsin the text and edit in place, etc. But
notebooksare in someways more complex than word-processor documents, because of the different roles

text can play. Often, perhaps most of the time, you’ llsimply want to be typing code to evaluate. But you

may also wish to add annotationsor explanations, or to set up titles and section headings, and Mathematica
needsaway of distinguishingthese “inactive” forms of text both from one another and from “active” code.
It does this by dividing the text in the notebook into disjodis, marked by square bracketsin theright
margin. In this way, you can build up complex documents of the type shown in Figure 1.

By default,Mathematica assumes that anything you type is code. To change that assumption, click on the
cell bracket in the right margin and cho&@tgle from theFormat menu. You can then choose an
appropriate style. If you wish to change the size, font or alignment associated with a cell style, or even
within a particular cell, this is entirely possible.

You'll notice from Figure 1 thatrackets around brackets exist, covering more than one cell. These define
what are calledell groups In all versions, a piece of input will be automatically grouped with its output,
and later versions allow even more automatic grouping. To manually group a collection of cells (or of
already existing cell groups), select all their cell brackets and cli@tisér ouping (or, in earlier versions,
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Group Cells) fromthe Cdl menu. There€'s no limit to the depth of the hierarchies you can build up in this
way.

I Three-Dimensional Graphics ]

@ The Plot3D function l]

Figure 2: Excerpt from Bathematicanotebook, partially closed

A group can belosed by double-clicking on its grouping bracket; this hides all the cells except the first. It’
s often helpful to hide large collections of cells behind section headings: this allows documents to be
skim-read for contents without scrolling right through them. A closed cell group cperisel by
double-clicking on the grouping bracket (which is distinguishable by a small hook). Figure 2 shows a
partially closed version of the notebook in Figure 1, with the grouping bracket selected.

Notebooks, then, are complex documents. Their managementis the task of the Front End, which therefore
has to handle multiple types of text organised in complicated hierarchical ways. By contrast, all the Kernel
does is keep a strictbhronological record of your calculations, whose ordering is reflected ihnfhe ]

andOut[. . .] messagesyou see. So you have to be careful: just because a certain calculation comes last in
the notebook doesn’'t mean it’s the latest one as far as the Kernel's concerned.

m Exercisesl.7

1. Start a fresMathematica notebook and reproduce Figure 1. By closing the appropriate cell group,
reproduce Figure 2 as well.

2. Experimentwith local style changes: reproduce a Text cell that looks more or less like this:

ThisisaText cell, kut one in which | haveexper i ment ed with varioudonts, sizes andtypefaces.

3. Experiment wittstyle sheets with (say) your "Figure 1" notebook on screen, f8tglle Sheet in
theFormat menu, and try several options.

4. Experimentwith the various options undesrmat - Screen Style Environment

5. The following excerpt (Figure 3) fromMathematica notebook seems to show something going
wrong. Examine it carefully, and explain why tleear [ x] command doesn’t seem to have
worked. What has really happened here?
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Clear[x]
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Figure3: Excerpt from a Mathematica notebook
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m Session 2

In this session, we introduce the expression, the principal Mathematica data structure, and thelist, one of its

most useful manifestations. We examinethe way Mathematica handles matricesand vectors. We look

again at theidea of defining your own Mathematica functions, and explore different approachesto that task,
focussing on the commandsDo, Wi | e, Map, Appl y, Nest and Fi xedPoi nt . Thereisoptional

material in Sections2.5-2.7 on pure functions, local scoping of variables and recursive function definition.

As in Session 1, each section consists of a piece of text followed by some exercises. Exercises marked by a
* are especially important or central, and you should do all of these if you get the time. The other exercises,
while useful, are more peripheral and can be skipped if necessary.

m 2.1 Listsand expressions

The standard way of storing multiple items of datilathematica is thelist. An example might be
{1, x2, 0.937, 3 + 2I, Factorial} (admittedlya rather artificial one). Notice that there are
no restrictions on the type of data you can hold in a list: here, for example, each data item is of a different

type.
Defining your own lists is easy. You can, for example, type them in full, like this:
oddList = {1, 3, 5, 7, 9, 11, 13, 15, 17}

Alternatively, if (as here) the list elements correspond to a rule of some kind, the cofiabhadcan be
used, like this:

oddLi st = Table[2n+1, {n, 0, 8}]
We can pick out, say, the 5th elementddLi st by typing:
oddLi st [[5]]

(Note the double square brackets. This is a shorthand notation; the function we’ve used here is indexed in
the manual under its “full” namPar t ). We can generate a list containing the elemerddaifi st in
reverse order by typing:

Rever se[oddLi st ]

We can add new elements to lists by ugipgend orPr epend, as in:
Append[oddLi st, 19]
Prepend[oddLi st, -1]

Lists can be joined together:

Join[{-5, -3, -1}, oddList, {19, 21, 23}]



Course.nb 22

See the exercisesfor some more commandsthat are useful when handling lists.

Listsareimportant things, but there's a sense in which there’s nothing very special about them: they're
simply an example of what's called expression. Internally Mathematica representeddLi st not the
way we see it on the screen but like this:

List[1l, 3, 5 7, 9, 11, 13, 15, 17]
You can see this internal representation if you type

Ful | For m{oddLi st ]
In a similar way, the internal representation of the equation

X::y::Z

Equal [x, vy, z]

So the essential structureeagjuations is exactly the same as thatisfs. The same is true of virtually
anything we can type into, or get out Miathematica. As it says in the manual: “everything is an
expression” (section 2.1.1).

This enables us to use some of the commands you've just met on things that aren't lists, as in:
eqnl = (X ==y == Z)
eqnl[[3]]
Reverse[eqnl]
Append[egnl, O]
Ful | For mleqnl]

Lists proper have a variety of usedMathematica. Most simply, they are a way of grouping together data

we want to keep in one place, or refer to by one name. An example of a specialised use is to represent
vectors referred to a Cartesian basis. Then the scalar product of two vectors is represented, as in standard
mathematical notation, bydat, as in:

{3, 0, -1} . {1, -2, 4}

Note, though, tha¥athematica’s “scalar product” function has uses that go beyond vector work. Suppose,
for example, we wished to generate a degree-8 polynomial whose coefficients corresponded to the elements
of oddLi st. One way to do this is:

xPower s = Tabl e[x", {n, 0, 8}]
oddLi st . xPower s
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Thisisagood exampleof where Mathematica’s flexibility comes in handy. It doesn’'t matter at all that the
elements 0bddLi st are numeric whereas thosex¢fower s are symbolic expressions.

A matrix is represented adiat of lists, that is, as a list of the rows, each row itself a list. This is covered
more fully in the exercises.

m Exercises2.1
*x 1. As above, define

oddLi st = Table[2n+1, {n, 0, 8}]

and try out the commanfg. . ] ], Rever se, Append, Pr epend andJoi n on it in the ways
suggested.

Repeat for
egqnl = (X ==y == Z)
Try out the following too:
Lengt h[oddLi st ]
Del et e[oddLi st, 4]
| nsert [oddLi st, 100, 3]
Repl acePart [oddLi st, 100, 3]
Rot at eLef t [oddLi st ]
Rot at eRi ght [oddLi st ]
Rot at eLeft [oddLi st, 5]
Rest [oddLi st ]
Take[oddLi st, 4]
Drop[oddLi st, 4]

Find out which of the above commands can sensibly be appkephtig and how.

* 2. Type the following to define a highly complex “list of lists of lists of lists”:

multi =
{{{{a, b}, {c, d}}, {{e, T}, {9, h}}},
(¢, 7 &k 1}y, {{m n}, {0, p}}}}

Test the effect of the following commands:

Flatten[rmul ti]

Flatten[rmul ti, 1]
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Flatten[rmul ti, 2]
Type
veryFlat = Flatten[mul ti]
and try out
Partition[veryFl at, 3]
Partition[veryFl at, 4]
etc. What does Partition do?
What combinationof Par ti ti on commandswill turnver yFl at backintorul ti ?
3. Definetwo lists having some elementsin common, such as:

listl

{1, 2, 3, 4, 5 6}

list2 = {5, 6, 7, 8, 9, 10}

Try out the following:
Union[listl, list2]
Intersectionf[listl, |ist2]
Compl enment [Uni on[listl, list2], |ist2]
4. Use Mathematica to find the cosine of the angle between the vectors

vl
v2

{1, 3, -1}
{2, -3, 0}

5. Definethematricesmat 1 and mat 2 likethis:

mat 1
mat 2

{{11 _21 O}, {31 5! _3}}
{{1, 3, -4}, {0, 2, 13}, {-2, 0, 3}}

Try out the following:
Mat ri xFormimat 1]
matl . mat2
Transpose[nat 1]
Det [nat 2]
I nver se[mat 2]
Mat ri xPower [mat 2, 5]

Nul | Space[mat 1]

Usethelast output to calculatetherank of mat 1.
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m 2.2 One-timecodever susreusablefunctions

Thefollowingis someMathematica code for calculating the population variance of alargelist of randomly
generated data.

thi sData = Tabl e[Random[Real ], {1000}7];

(* sanple size x)
n = Length[thisData];

(» cal cul ate nean )

total = O;
Do[total =total +thisData[[i]], {i, 1, n}];
t ot al
nean = ;
n

(* sum of squares of deviations )
total =0;
Do[total =total + (thisData[[i]] -mean)?, {i, 1, n}I;

(*» return the popul ation vari ance =)
t ot al

n-1

Noticethat in the first line we have suppressed the output by using a semicolon. This savestime, and the
assignment still takesplace. Notice, too, that any text betweenthe symbols(* and*) isacomment,
ignored by Mathematica. Finally, note the use of the “looping” commando to makeMathematica perform
the same operation several times.

This code works well enough as far as it goes. But what if we wanted to calculate the variance of several
sets of data? Itfsssible to use the above code more than once (for example, by mousing back to the
relevant bit of the notebook, or by using the Cut and Paste facilities you met in Session 1). Butitis
awkward to do so. A much better approach is to define a function which takes a data set as input and
outputs the variancadte: thefollowingisall one command, so be sure not to "shift-return” until you get to

the end!):
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nmyVari ance[data_List] : =

|

(» sanmpl e size =*)
n = Lengt h[dat a];

(» cal cul ate nean =)

total =0;
Do[total =total + dataf[[i]], {i, 1, n}];
t ot al
nmean = ;
n

(» sum of squares of deviations =)
total =0;
Do[total = total + (data[[i 1] -nean)?, {i, 1, n}];

(» return the popul ation vari ance =)
t ot al

n-1

|

(the bracketswill size themselvesautomatically).

Notice, again, the use of the underscore character to makethe variablenamedat a a placehol der, standing
for any possibleinput. Three syntactical features of this definition need special remark.

(1) Theuseof theword Li st after the underscoreis atype declaration; it instructs Mathematica to expect
dat a to beintheformof alist (if it isn’t,Mathematica will return the expression uneval uated).

(2) The use of semicolons: previously, weve introduced the semicolon as a meansippressing output,

but here its role is rather different. Put simply, when a function consists of more than one command, the
commandsnust be separated by semicolons. It's as though the commands are being “strung together” into a
single larger command with just one final output

(3) The reason for the outermost pair of parenthesey is not obvious. What they are doing is to group
all the function code on the right-hand side of:the

ThenyVar i ance function can be used like this:

t hi sDat a = Tabl e[Random[Real ], {1000}7];
myVar i ance[t hi sDat a]

t hat Dat a = Tabl e[Random[Real , 100], {500}];
myVar i ance[t hat Dat a]
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It’ sgood to get into the habit of incorporating code you intend to reuse into function definitions. Inlong,
complex chunksof code, this has the added advantage of making dependenciesexplicit, allowingyou to
keep track of what quantities depend on what other quantities.

m Exercises2.2

* 1. Typein, and test, the two versions of the variance code above.

2. Write aMathematicafunction called my Max, which takes asits argument alist of numbers, and
returns the maximumnumber in thelist. Test thisfunction.

* 3. Writeafunctioncalledt angent . Your function definition should begin
tangent [expression_, x_, a_] :=

The function should return an expressionin x correspondingto the tangent to the graph of
expressi on a thepointx =a.

4. Thefollowingisan attempt to write two functions: my Mean, which calcul atesthe mean of alist of
data, and ny Var i ance2, which calculatesthe variance of the dataand callsmy Mean in the process.

myMean[data List] : =
(n = Lengt h[dat a];

total = O;
Do[total =total +data[[i]], {i, 1, n}];
total)

n
myVari ance2[data_List] : =
(n = Lengt h[dat a];

total =0;

Do[total =total + (data[[i]] - myMean[data])?, {i, 1, n}I;
tot al )

n-1

Both of the functionswork, but one of them is very inefficiently written. Identify theinefficient one,
and alter the code so that my Var i ance?2 still callsmy Mean, but the inefficiency has been removed.

m 2.3Applyand Map

The various pieces of variance code that you met in the last section all work upon lists of data. Although
they differ in their details, what they havein commonisthat they all usethe Do commandto pick out
elementsof thelist in turn and perform actions of somekind using them or upon them.

But thisturns out to be a pretty inefficient way of dealing with listsin Mathematica: by using “whole list”
operations we can often improve execution time appreciably (by a factor of 2 or 3), and have more compact,
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elegant code. The keysto handling lists, and indeed expressionsin general, as single entities (rather than
picking them apart and handling their elements separately) are the commandsAppl y and Map.

For example, supposewe want to add all the numbersin the list
oddList = {1, 3, 5, 7, 9, 11, 13, 15, 17}
Oneway of doingthisisto do what wedid in the last section, namely

total = O;
Do[total = total + oddList[[i]], {i, 1, 9}1;
t ot al

Or we might try:
Sum[oddLi st [[i]], {i, 1, 9}]

or

9
ZoddLi St[[i]]
i=1

But the most efficient approach of all isthis:
Appl y[Pl us, oddLi st]

Thissimply generatesthe expressionPl us[ 1, 3, 5, 7, 9, 11, 13, 17] , and then evaluatesit. Apply
replacesthe head of the expressionoddLi st , namelyLi st , withPI us.

Appl y isthe best thing to use, then, when you have alist of thingsthat you want to combine in someway.
But what if you havealist of thingsthat you want to treat separately, doing the samething to each? For
example, supposewe want to generatealist called squar eLi st consisting of all the squares of the
elementsof oddLi st , inorder. Oneway to do thisisto usethe Do command, likewe did in the last
section:

squareLi st = {};
Do[squar eli st = Append[squareLi st, oddLi st [[i 11%], {i, 1, 9}1I;
squar elLi st

More elegantly, we might try:
squar eLi st = Tabl e[oddLi st [[i ]1%, {i, 1, 9}]
But it's most efficient of all to do this:

square[x_] := X2

squareLi st = Map[square, oddLi st ]
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Thissetsup afunction called squar e whichisthen applied to each of the elementsof oddLi st
separately. Heres a more complex example, where a “magnitude” function is mapped over a list of
coordinate pairs:

pt sLi st = Tabl e[ {Random[], Random[]}, {10}]

Mmag[{x_, y_}1] := Vx2+y2

Map[mag, ptsList]

UsingMap gives us a way of processing each of the elements in a list “simultaneously”, without needing to
trawl through the list element by element.

m Exercises2.3

* 1. Type in each of the three sets of code for adding all the elements of a list. Test them on the list
bi gOddLi st = Table[2n+1, {n, 0, 9999}];

Type in each of the three sets of code for squaring the elements of a list. Test them on
bi gQddLi st .

bi gOddLi st is sufficiently large that the differences in execution time are noticeable for the
different codes. However for precise comparigathematica provides thdi mi ng command:

Ti m ng[Appl y[Pl us, bi gQddList]]
Ti m ng[Sum[bi gOddLi st[[i]], {i, 1, 10000}]]

2. Write a function calleder i vat i velLi st , which takes as its arguments a list of expressions in
and returns a list consisting of the derivatives of the expressions with respedttias, the input

derivativeLi st[{x? Log[x], Cos[x]}]
should return

{Zx, % -Si n[x]}

*x 3. Write a function calledy Var i ance3, which calculates the variance of a list of data. This time,
your function should make usep andAppl y, instead of usin@o to iterate through the list.
Use theTi m ng command and the list$hi sDat a andt hat Dat a from Section 2.2 to compare
the execution time of your new function withvar i ance andnyVari ance2.

4. Write a function calledquar eBot hSi des, which squares both sides of an equation. Thus
squar eBot hSi des[x - y == 4]
should return
(x -y)? ==16

(Remember that we can treatMihthematica expressions like lists.) Go on to write a function
calleddoToBot hSi des, which performsny given operation on both sides of an equation. Thus

doToBot hSi des[Sin, X -y == /2]
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should return
Sin[x-y]==1

m 2.4 Nestingfunctions

Clearly Do isauseful Mathematicacommand. Asyou've seen, we can use it to process lists of data, either
by combining all the data elements or by doing the same thing to each one. However, as you've also seen,
there are more efficient and more economical ways of doing both those things.

Another use of thBo command is when we want to apply the same operation repeatedly to one piece of
data, as in this implementation of a (well-known, and rather inefficient) iterative algorithm for finding the
square root of 5.0:
sgrtSlteratel[n_] : =
(x = 0.0;

X +5.0

Do[x = X122
x+1.0

)
But even in this case there’s an alternative. It involves no great saving in execution time, but it is, perhaps,
a little more economical and elegant as far as the code is concerned. This is it:

{n}];

x ] : X+5.0_
gix_I == X+1.0 "

sgrtSlterate2[n_] : = Nest[g, 0.0, n]

What's happened is that a functipinas been defined, and thathematica commandNest appliesy

repeatedly, using a starting value of 0.0. This has exactly the same effect as before, but avoids the use of
Do. Notice thaNest automaticallyeturnsthe final value as outpubDo, by contrast, doesn’t return

anything: it has no output. That is why we have to figight 51 t er at e1 by explicitly calling the value

of x.

Perhaps it's best to s@e as a utility, “multi-purpose” command, and things likebl e, Map, Appl y and
Nest as more finely-tuned, specialised tools. It's rare that an applicatimnwill be the best way to get
what you want out dathematica, but it may often be the first that springs to mind.

Suppose that we want to carry out our square root iteration not for a fixed and predicted number of steps but
for as many steps as necessary until it has converQee way to do this is using thsi | e command, as
follows:
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X = 5.0;
tmp = 0.0;
V\hile[TrueQ[x =l=tnp], (* while x is not equal to tnp =*)
. X+ 5.0y, .
(trrp:x, X = m—)] (=« iterate %)
X

Theiterationis carried out until the condition “the current and previous iterates are different (within the

precision of machine accuracy)’ ceases to be true. “Machine accuracy” is, as the name suggests,
machine-dependentand depends on the quality of the arithmetical processing hardware. On most machines
it's around 16 digits

This kind of iteration, too, can be more elegantly done. The commnamdi Poi nt is exactly likeNest ,
except that it returns not tinéh iterate but th&nal one after convergence has been established. To get our
iterative approximation tQ/S, all we need to do is type:

x ] : X +5.0
gix_1-= XxX+1.0

Fi xedPoi nt [g, 0.0]

Some iterative algorithms may take a long time to converge to machine accuracy, but may converge
perfectly satisfactorily for practical purposes long before that. We can still ugelPoi nt ; all we have
to do is change th@aneTest option, like this:

X ] : X +5.0
gix_1:= Xx+1.0

prettybDamC ose@x_, y_ 1 := TrueQ[Abs[x -y] < 0.0001]
Fi xedPoi nt [g, 0.0, SaneTest -> prettyDamC oseQ]

m Exercises2.4

*x 1. Testouttheqgrt5lteratel andsqrt5Iterate2 functions. Examine the effect of replacing
theNest commandwitiNest Li st .

Compare, too, the two approaches to conditional stopping: the one thabhiukesand the one that
usesFi xedPoi nt . Examine the effect of replaciRgxedPoi nt withFi xedPoi nt Li st .

*x 2. Write a function calledqrt|terate suchthasqrtiterate[a, n] will returnthenth
iterated square root approximation &my number, again using the algorithm

X+ a
_)
X+ 1.0

with starting value 0.0. Usdest rather tharDo.

Write a function calledqr t Appr ox such thatqrt Appr ox[ a] returns, as a decimal
approximationto ,a, the final iterate of the above algorithm once convergence has occurred. Use
Fi xedPoi nt rather thamhi | e.
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3. Writeafunctioncaledder i vs whichtakesasits argument an expression, avariablenameand an
integer n, and returnsa list containing the expression, its first derivative, its second derivative, and so
on up to its nth derivative, all with respect to the variable. Thus

derivs[Log[l + x], X, 3]
should return

{Log [1 +x],

1 1 2 }
1+x’ (1+x)2" (1+x)°

Writeafunctioncalledny Ser i es (calingder i vs) suchthat
mySeries[expr, {X, X0, n}]

returnsthe Taylor seriesfor expr about x = x0 up to theterminx”n.

m 2.5 Advanced Topic: Purefunctions

In Section 2.3 you met the following piece of code:
square[x_] := x2
squarelLi st = Map[square, oddLi st]

Thisisapretty efficient way of squaring all the elementsof oddLi st , but not the most efficient—quite.
What's wasteful about it is that we seem to have to define a wholMathematica function,squar e:
that's because the first argumenMap must always be a the name of a function.

Well, it's not quite true thavap demands theame of a function as its first argument. It will also accept
what’s known as purefunction, and it's this that gives us a way round the problem. The same piece of
code, recast in pure function form, looks like this:

squarelLi st = Map[(#%)& oddLi st ]

Instead of going to the trouble of defining #guar e function separately, we've used the rather
odd-looking expressiof#?) & This is an example of a pure function; its key characteristics are the
following:

s the use of thbash mark, #, to stand for the argument of the function;

= the use of thampersand, &, at the very end of the expression to signify that it is a pure function.

Here’s the “magnitude” example from Section 2.3 rewritten in pure function form:

I\/ap[\/#[ [111% +#[[211%& ptsList]
This uses th@art command, written in short form g§. . ] ], to extract coordinate values.

Pure functions behave exactly like ordinary functions, and can be used in the same ways—as inputs to
Appl y andNest , for example.
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Functionsof morethan one variable can also be dealt with in thisway, using the symbols#1, #2, etc. As

the notation suggests, you can think of these symbolsas “argument number 17, “argument number 27, . . ..
Here’s an example:

Apply[\/#lz + #2° + #3°&, {a, b, c}]
The iteration code (from Section 2.4)

X +5.0

x+1.0

prettybDamC ose@x_, y_1 := TrueQ[Abs[x -y] < 0.0001]
Fi xedPoi nt [g, 0.0, SaneTest -> prettybDammd 0seQ]

glx_1 '=

could have been written like this:

. ) # + 5.0
Fi xedPoi nt [m—& 0.0,
+ .

SaneTest -> (TrueQ[Abs[#1-#2] < 0.0001]&) |

Here, both the iterated numerical functgpand the convergence t@stet t yDanmCl oseQ have been
replaced by pure functions, the latter being a function of two variables.

m Exercises2.5

1. Testthe code in this section.

2. Rewrite the functionsy Var i ance3 andsquar eBot hSi des (both from Exercises 2.3) and
sqrtlterate andsqgrt Approx (from Exercises 2.4) so that they use pure functions.

3. Write a functiomragni t ude that calculates the magnitude (square root of the sum of the squares of
the elements) of a list of any length.
m 2.6 Advanced Topic: local scoping

By default, variables and constantdathematicaareglobal. For example, consider the following
function definition, which makes use of the formula

-S43
=— X© = — X
n-1\3 =
neat Vari ancelf[data_] : = (

n = Length[data]j;

|

1 1
T (Appl y [Pl us, Map[(#z)&, data]] - — (Appl y[Plus, data]?) )
n n
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Thisis probably the most efficient form of the variance code so far, but it does have a problem, and one that
you'll find in many of the functions you've met in this section. Every time the function is called, a value
gets attached to the symimol This value igjlobal: it applies outside the context of the function, and will
be used every time the syminobccurs subsequently, untilis reassigned or cleared or until the session is
terminated.

This can cause serious problems: interference between different functions and so on. Unless you
specifically want your function to make global assignments like this, it's best to override the default and
maken local. We do that by means of the comm#idh, as follows:

neat Vari ance2[data_] : =
Wth[{n = Length[data]},

]

This tellsMathematica to replace all occurrences of the symbalith Lengt h[ dat a] wherethose
occurrencesareinside the function, but to leaves unassigned, or assigned as it was before, elsewhere. As
rewritten, the function will neitheshange any already existing global valuerohoruse that value during

the calculation.

1 1
T (Appl y [Pl us, Map[(#z)&, data]] - — (Appl y[Plus, data]?) )
n n

There are two sets of circumstances in which local scoping is importatittdutwvon’'t work. One is when
we want to makehanges to the value of a symbol during the execution of the function: in other words,
when the symbol representsatiable rather than aonstant. The other is when we want the symbol not to
have a value: when we want it to be purely symbolic. In either case, we canMseéithe command.

Here's an example of the first case, in which the value attached to the symbol changes during the execution
of the function. Consider the following code, which you first met in Section 2.4:

sgrtSlteratel[n_] : =
(x = 0.0;

X+5.0

DO[X =
+1.0

d
In order that values of assigned during the execution of this function should not clash with other
occurrences of that symbol, this should really be rewritten

. ]

sgrtSlteratel[n_] : =
l\/bdule[{x = 0.0},
X+5.0
Do[x = ———,
x+1.0

X]

{n}];
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Here, 0.0 isused merely astheinitial valueof x. (Of course, youll recall that this whole function can be
rewritten usingNest !)

For an example of the “purely symbolic’ case, consider the following code for calculating derivatives from
first principles:

expr /. (x ->x+h) - expr
h

firstPrincDl[expr_, x_] :=Linmit] , h -> 0]

This works fine providet hasn't already been given a global value; if it has, the code fails badly. To make
it work even in those circumstances, it should be written like this:

firstPrincD2[expr_, X_] :=
expr /. (X -=>x+h) - expr
h

I\/bdule[{h}, Lirrit[ , h -> O]]

m Exercises2.6

1. Testtheneat Vari ancel function on some suitable randomly generated data. Now type
n
and commenton what you observe. Clear any global valueldptyping
Cl ear [n]
and then testeat Var i ance2. Type
n
again, and comment on what you find.
2. Test both forms of theqr t | t er at e function in the same way.
3. Begin by making sure that no value is attached to the syniiotyping
d ear [h]

Now test thé i r st Pri ncD1 function on some suitable expression. Test it again, but this time
assign a value to first by typing

h=0.3
Clear the symbdl and test théi r st Pri ncD2 code in the same way.

4. Review your code from earlier exercises in this session. Rewrite some of it with local scoping of
variables and constants where appropriate.

m 2.7 Advanced Topic: iteration and recursion

Suppose we wanted to rewrlflathematica’s Fact or i al function from scratch— for non-negative
integers, at any rate. One way would be the following:

myFactorial 1[n_] := Product[i, {i, 1, n}]
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or
n
myFactorial 1[n_] : = ni
-1

Thisisan exampleof iterative code: thevalueof i ismadeto increase sequentially, and the product is built
up asit doesso.

But thereis another possible approach. Consider the following code:

myFactori al 2[0] = 1,
myFactorial 2[n_] : = n % nyFactorial 2[n - 1]

Thismay look likeacircular definition. However, it is rescued from circularity by two things: the fact that
n— lislessthan n and the fact that a simplenon-circular definition existsfor one case, namely n = 0.

When functionscall themselvesin thisway, we have what's calledrecursion. Many problem situations
present us with a choice between iteration and recursion, and some seem tailor-made for the latter.

Recursion, though it's often elegant and pleasing, is rather inefficient in many computer languages and
impossible in some (older dialects of Fortran, for example)athematica, though, it usually works rather
well.

m Exercises2.7
1. Test both forms of the factorial code in this section. Test, also, the following:

myFact ori al 3[0] = 1;
myFactorial 3[n_] : = nyFactorial 3[n] = n % nyFactorial 3[n-1]

Can you explain what's going on here? What are the advantages and disadvantages of this approach?

(Hint: when you've done some preliminary testing of each, compare the outputs of
??myFactori al 2 and??myFact ori al 3.)

2. Write and test a recursive function for the Fibonacci sequence
1,1,2,3,5,8, ...
(Each term of this sequence is generated by adding the previous two.) Thus
fi bonacci [6]
should return the 6th term in the sequence, and so on.

3. Write a recursive function calleg Det , which must not caMathematica’s Det function, for
calculating matrix determinants by cofactor expansion.
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m Session 3

In this session, there are three things you can opt to do.

Option 1: amajor programmingexercise with theidea of putting into practice the Mathematica you’ vebeen
learningin Sessions 1 and 2. Thisforms Section 3.1

Option 2: one or more of the various Case Studieswhich are avail able separately: alist of theseforms
Section 3.2.

Option 3: Mathematica surgery. Y ou bring along any problemsin your ownwork for which Mathematica
might be useful, and we' lltry to help you implement Mathematica appropriately.

In addition, we have described a number of the Internet resources available to Mathematica users. These
form Section 3.3.

m 3.1 Extended exercise: theL ogisticMap

Thelogistic map is one of the simplest, and most famous, of nonlinear dynamical systems. Wewon't cover
any of the theory here (which has been described in a vast number of books, articles and backs of breakfast
cereal packets) beyond mentioning a few interesting things to look at.

We are interested in the map
X - ax(l-x)
which is equivalent to the iterative equation:
Xn+1 = (1 = Xn) .
The parameter range of interest is 8 < 4, because for that range ikO¢ < 1 then O< x, < 1 for alln.

Before starting, you should read Section 2.5 on “pure functions”: it may help you to program more elegantly.

1. Write a function calletlogi sti cl t er at es that outputs a list containing the iterates from @ to
of Xn11 = @ (1 — Xp), Starting from a suitabbe). xg, @ andn should be inputs to the function, and
thus

logisticlterates[0.3, 3.1, 4]
should return

{0.3, 0.651, 0.704317, 0.645589, 0.709292}

Generate a list of the iterates from 0 to 21 of the logistic mapwvittD.1,a = 2.75. Use
Li st Pl ot with appropriate option settings to generate a “time series” plot of the type shown in
Figure 4.
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0. 66

0. 64

0.62¢

Figure4: Timeseriesfor the Logistic Map, x, versusn. a=2.75, xo = 0.1.
Writeafunction caled, say, t sPI ot , suchthat

tsPl ot [0.1, 2.75, 21]
generatesthe abovefigure automatically.
Investigatethe behaviour of the logistic map for different values of a, focussing on the intervals

O<a=<l;
l<ax<?2
2<ax<3;
3 < a < 3.569946,
3.569946< a < 4.

2. Whenlooking at convergent behaviour such as that describedin the table aboveit’s helpful to
discard the early iterates: write an “attractor” function that takes n andm as inputs, and outputs

a list ofmiterates beginning with thah (so it has to calculate, but not output, iterates 1 npip
Write another time series function to plot the attractor data.

Write a function to produce bifurcation diagrams for the logistic map (a bifurcation diagram is a plot
of the limit points—long-term-values—of the map against the paramayei his is a non-trivial

programmingtask; it may be helpful to recall the wayRihat t en function works (see Exercises
2.1).
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1.5 2 2.5 3 3.5 4
Figure 5: Bifurcation diagram generated with Mathematica: the interval between valuesof ais0.1; for the
attractor thefirst 40 iterates are discarded, 10 retained.

4. Writeafunction to produce cobweb diagramsfor the logistic map, such as the one on the front cover
of thisbooklet. For thistask, whichisagain non-trivial, youll need to think about what needs to be
done to your ogi sti cl t er at es data so that the appropriate coordinate points are generated in
the right order.

Further ideasyou might explore Generalize the code you have written so far so that it can be applied
to any map, not just the logistic map. Use this new code to investigateritiex map

Z—>22+C,

wherec is a complex parameter arg= 0. WriteMathematica code for plotting the Julia Sets and
the Mandelbrot Set in the Argand Diagram.

m 3.2 Casestudies

Separate from this booklet we have prepared a number of Case Studies, or “common tasks for the academic
user ofMathematica’. Here are the current titles:

1. Handling experimental data.

2. Animations and movies.

3. Contour and surface plotting.

4. Moving data betwedvathematica and Excel.
5. Exporting graphics to other applications.

6. Equations and rules.

They're accessible on the WWW at:

http://metric.ma.ic.ac.uk/mthemati cal/studies
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m 3.3 Resour cesfor Mathematica userson thelnternet

Besides numerousbooks about Mathematica, thereis a great deal of informationfreely available, and an
active user community,on the Internet. For these links go to the WWW page at

http://nmetric.ma.ic.ac.uk/mthematical/resources. htnl

The central information point for Mathematica is the WWW server at Wolfram Research Inc. (Champaign,
Illinois, USA), creators of the Mathematica system:

http://ww. wol fram com

It's a good idea to browse around that site, check out the latest books and ortiatiematica baseball
caps, T-shirts and coffee mugs. You can even interact \Witiit@ematica program over the Web, also
known as “The Integrator”:

http://ww. integrals.com

Maintained on the Wolfram server is a very large collection cMiatiSour ce of Mathematica programs
and notebooks contributed Mathematica users world-wide:

http://ww. wol fram com/ mat hsour ce

If you have a specialist interest you may well find some useful stuff there. Another useful section is the
Technical Support Frequently Asked Questions (FAQ):

http://ww. wol fram com FAQs

There are two useful news/email discussion groupslétinematica usersMathGroup is dedicated to
Mathematica, and is accessible via both email and the newsgroup
conp. soft-sys. mat h. mat hemat i ca.

For details see:

http://snc.vnet. net/ Mat hG oup. htm

MathGroup is moderated, which means less junk than usual and its archives are available online:

http://ww. wol fram conY mat hgr oup

Also there is a (prototype) search engine for the archive at:

http://snc.vnet.net/ mat hgroupsearch. htm

The newsgroupci . mat h. synbol i ¢ carries discussions abdvaple, Mathematica and other symbolic
software. Itisn’'t moderated and you get what you pay for: for example it is a host to frequent discussions of
that burning question: “which programis best?”. Finally, remember that with the Web, often the best way

to track something down is to use a search engine. Digital's "AltaVista" is currently one of the best around:
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http://ww. al tavi sta.digital.com

Last but not least, do visit the WWW server of the METRIC project:

http://nmetric.ma.ic.ac.uk

wherewe€ll be putting news of, for example, futukéathematica training courses.



