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Some rotational corrections to the acoustic energy equation
in injection-driven enclosures
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This article presents rotational corrections to the energy stability equation in injection-driven porous
enclosures used to simulate solid rocket motors. The evaluation of stability growth rate factors is
carried out both numerically and asymptotically. Analytical expressions for the energy stability
factors are obtained over a spectrum of physical parameters encompassing solid rocket motor
operation. For all representative motors under investigation, the analytical estimates are shown to
exhibit negligible errors compared to their numerical values. Both numerics and asymptotics
converge in predicting less stable systems than projected by purely irrotational stability theory. The
differences can be ascribed to the dismissal of time-dependent rotational coupling in some past
formulations. The current study unravels the details of six additional growth rate corrections not
accounted for previously. These include the rotational flow, inviscid vortical, viscous,
pseudoacoustical, pseudorotational, and unsteady nozzle growth rate factors. The fourth and fifth
terms are due to acoustical and vortical interactions with the often neglected pseudopressure. The
sixth is due to the energy associated with the unsteady rotational flow exiting the porous enclosure.
This study enables us to explain the influence of distinct flow variables on stability. Based on
asymptotic approximations for individual growth rates, explicit criteria are presented in the form of
critical Mach numbers, penetration numbers, or motor lengths that must not be exceeded in
prevention of system instability. The net rotational corrections have been recently appended to the
widely used Standard Stability Prediction code. © 2005 American Institute of Physics.
�DOI: 10.1063/1.1920647�
I. INTRODUCTION

For reasons not entirely understood, combustion cham-
bers that favor high efficiencies and low emissions are prone
to combustion instabilities. These instabilities arise due to a
regenerative coupling between chamber acoustics and pro-
pellant burning. Instabilities generally appear as self-excited
limit cycle oscillations in the flow variables inside both pro-
pulsion and power generation systems. These include ramjet
engines, rocket motors, gas turbines, preburners, afterburn-
ers, and large industrial combustors. A plethora of names has
appeared to describe these oscillations—humming, screech-
ing, buzzing, and rumbling, to name a few.

In principle, these oscillations can be separated into
three distinct wave types also known as “fluctuation modes.”
The three modes include acoustical �pressure-driven�, vorti-
cal �boundary-driven�, and thermal �entropy-driven�
disturbances.1 The term “combustion” instability has been
routinely used to denote instabilities in the acoustical waves.
Corresponding oscillations have often been shown to pro-
duce pressure amplitudes large enough to cause severe struc-
tural damage or outright system failure.

In light of these concerns, considerable attention has
been given to the prediction of acoustic instabilities in solid
rocket motors. One of the major contributors to the field is
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Culick2–6 whose papers on flow instability published in the
early 1970s are rightfully perceived as the foundation for all
stability prediction schemes.7,8 Culick’s approach considers
small amplitude pressure fluctuations, thin combustion zone,
and one-dimensional acoustic waves to model the unsteady
core flow.3 Based on this paradigm, several predictive codes
have been developed, including the widely used Standard
Stability Prediction �SSP� program.9–11

Realizing the inability of one-dimensional waves to al-
low for three-dimensional interactions with solid boundaries,
Culick later proposed rotational corrections that could be ap-
plied retroactively to improve the accuracy of existing stabil-
ity formulations.12 The flow turning loss is one such correc-
tion that has later become the subject of debate. As noted by
Flandro,13 there have been numerous cases for which the
flow turning loss has led to less favorable predictions. Rota-
tional corrections were thus suggested that could be readily
incorporated into Culick’s algorithm.

The last decade has given rise to significant improve-
ments in the general understanding of rotationality and core
flow dynamics.14 Analytical,13–22 numerical,23–28 and experi-
mental studies29–32 have jointly confirmed the essential con-
tributions of pressure- and boundary-driven vortico-acoustic
waves. These new findings have triggered a growing trend in
the acoustic instability community to incorporate vortical ef-
fects in order to refine the irrotational representation of the
system energy balance.
By way of example, the controversy surrounding the

© 2005 American Institute of Physics2-1

http://dx.doi.org/10.1063/1.1920647


074102-2 Majdalani, Flandro, and Fischbach Phys. Fluids 17, 074102 �2005�
flow turning loss was discussed in a former study by Flandro
and Majdalani.33 The key was to include the unsteady rota-
tional terms at the start, and then retain them consistently
throughout the energy assessment. By so doing, several ad-
ditional correction factors could be unraveled, and most of
those were presented to leading order in this earlier work.33

Among the newly determined corrections were factors that
either canceled the flow turning loss or suggested new desta-
bilizing agents. The cancellation of the flow turning loss ex-
plained its adverse role when employed as a retroactive fix in
certain rocket motor simulations. It also confirmed the math-
ematical proof furnished by Van Moorhem34,35 who circum-
scribed the flow turning loss to one-dimensional models; this
followed a formal analysis showing that flow turning would
strictly vanish in two- and three-dimensional representations.
The emergence of new terms, on the other hand, justified the
presence of additional sources and sinks of unsteady energy
that could not be captured without rotational terms being
allowed into the energy balance equation.

The current article extends the former study by Flandro
and Majdalani33 whose focus has been on identifying new
growth rate expressions resulting from the inclusion of rota-
tional waves. Considering that the former article was chiefly
concerned with producing fundamental expressions for the
stability growth rate factors, the role of this article is to pro-
vide the mathematical steps needed to arrive at higher-order
growth rate expressions for the purpose of approximating the
numerically simulated integrals. In the process, special atten-
tion will be given to the pseudopressure corrections which
have been found to be important in recent experimental and
numerical rocket motor simulations.36–40 Furthermore, the
unsteady energy crossing the exit plane will be accounted
for. This will lead to a loss term that causes the cancellation
of the pseudorotational growth rate. After producing explicit
approximations for the linear growth rates, criteria delineat-
ing motor stability will be furnished in closed form.

Insofar as these calculations rely on volume integrals of
time-dependent pressure and velocity distributions, the one-
term approximation based on Flandro’s original solution will
be used to define the unsteady flow component.13 Although
higher-order expressions for the mean flow are available �cf.
Majdalani, Flandro, and Roh17�, the unsteady flow approxi-
mation used here will permit simple solutions for the growth
rate factors. In light of this, the impact of varying a motor’s
aspect ratio, oscillation mode number, viscosity, surface ad-
mittance, and Mach number will be illuminated. The quest
for a higher-order approximation will also permit the assess-
ment of instability emergence and growth over a broad spec-
trum of physical settings.

II. BASIC MODEL AND FORMULATION

Culick’s mean flow model3 for an internal burning tube
is adopted in the current analysis with the coordinate system
shown in Fig. 1. Flandro’s leading-order solution for the un-
steady flow is also used to represent the unsteady rotational
and acoustic disturbances.13,14,17 The mean velocity com-

prises both radial and axial components, namely,
U = Urer + Uzez = − r−1 sin�x�er + �z cos�x�ez, �1�

where x� 1
2�r2 recurs frequently. The linearized continuity

and momentum equations become

���1�

�t
+ � · u�1� = − MbU · � ��1�, �2�

�u�1�

�t
+ � p�1� = Mb�u�1� � �� � U� + U � �� � u�1��

− � �U · u�1��� + �2� 4
3 � �� · u�1��

− � � �� � u�1��� , �3�

where � is the density, u is the total velocity vector, and the
second coefficient of viscosity is taken to be − 2

3�. Note that
the energy equation is not considered here due to the small
influence of thermal disturbances on acoustic instability and
the small thickness of the flame zone.41,42 The superscript �1�
denotes first-order terms in the perturbation parameter, �
=Ap / ��p0�; here Ap is the unsteady pressure amplitude, p0 is
the mean pressure, and � is the ratio of specific heats. A
second small parameter, the mean flow Mach number at the
burning surface, is given by Mb=Vb /a0; as usual Vb is the
burning velocity and a0 is the mean speed of sound; this
parameter is also used in the linearization process. All vari-
ables are represented as combinations of irrotational and ro-
tational contributions, viz.,

p�1� = p̂�1� + p̃�1�, ��1� = p̂�1�, u�1� = û�1� + ũ�1�. �4�

In general, the caret �^� will denote the irrotational part of the
solution while the tilde ��� will refer to the rotational part.
Following Flandro,33 the rotational and irrotational pressure
and velocity components can be derived directly from Eqs.
�2� and �3�. One obtains

p̂�1� = e−ikt cos�kmz� + O�Mb� , �5�

û�1� = ie−ikt sin�kmz�ez + O�Mb� , �6�

for the irrotational field, and

p̃�1� = iMbe−ikt sin�2x�e��+i	�� 1
2�z�sin�sin�x�kmz�

+ O�Mb
2� , �7�

ũ�1� = ie−iktrUre
��+i	� sin�sin�x�kmz�ez + O�Mb� , �8�

for the rotational field. In the above, km represents the dimen-

FIG. 1. Idealized motor chamber and its coordinate system.
sionless wave number which, for closed-end boundaries, is
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given by km=m�R /L=m� / l, where m is the mode shape
number and l�L /R is the aspect ratio for the motor.14

The imaginary part of the exponential argument in Eq.
�7�, namely,

	�r� = − �km/��Mb��ln tan� 1
2x� , �9�

controls the wavelength and spatial frequency of the shear
wave. The real argument, ��r�, is responsible for the viscous
decay of shear waves. It is given by22

��r� =



�2	1 −
1

sin�x�
− x

cos�x�
sin2�x�

+ I�x� − I
1

2
��� , �10�

I�x� = x + 1
18x3 + 7

1800x5 + 31
105 840x7 + ¯ , �11�

where S and 
 are dimensionless scaling factors related via

S �
km

Mb
=

m

l

�

Mb
, 
 �

km
2 �2

Mb
3 =

S2�2

Mb
=

m2

l2

�2�2

Mb
3 . �12�

While S represents the Strouhal number, 
 is a viscous pa-
rameter whose reciprocal has been coined the penetration
number due to the role that it commands in controlling the
penetration depth of the so-called acoustic boundary
layer.18–22 For constant �=� / �a0R�=
1/2Mb

3/2l / �m�� and
surface Mach number, S and 
 decrease in more elongated
motors. Their physical variation is illustrated in Fig. 2 over a
range of chamber lengths.

A. Unsteady energy

Following the classical acoustics approach,43 one defines
the unsteady energy density to be
e = 1
2 �p̂2 + u · u� . �13�

Subsequently, the time-averaged energy residing in the
chamber can be calculated from

E = ���V�e�dV = 1
2���V�p̂2 + u · u�dV . �14�

Note that triangular brackets require time averaging of the
enclosed function. This is accomplished via

�A� =
1

2�
kme�mt�

0

2�/km

Ae−�mtdt . �15�

The evolution of the system energy is then determined by
taking the time rate of change of the total internal energy.
Using �= � �U and �= � � ũ to represent mean and un-
steady vorticities, one finds

FIG. 2. Variation of �a� the Strouhal number and �b� 
 over a range of motor
aspect ratios and the first three acoustic oscillation modes.
�16�
After careful simplifications several quantities cancel from
Eq. �16�. The remaining terms control the rate at which the
system energy changes. Based on this information, one can
estimate the growth or decay rate for a given motor configu-
ration.
B. On the unsteady rotational contribution

The object of the current calculations is to analyze the
stability of the system of waves consisting of the irrotational
�acoustic� motions with the required rotational components.

The latter must be treated as an integral part of the gas
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fluctuations in order for the proper boundary conditions to be
accommodated. It is incorrect to treat the growth of the
waves in the chamber as an acoustic problem with weak
perturbations from the vorticity �and other physical pro-
cesses�. Both rotational and acoustic waves must exist at the
same order in order to satisfy the no slip condition. Their
combined energies must also be included to determine wave
growth.

The separation of the gas motions into two parts is
merely a convenient way to simplify the computations. In an
oscillating flow with gas motions parallel to a surface, espe-
cially, a surface with mass flux, the wave system cannot be
described in terms of acoustic waves only. We have, in fact,
compressible rotational waves. In experimental data from
rocket tests, there is little evidence of this because only pres-
sure measurements can be made and these heavily reflect the
acoustic component only �since the pseudopressure is sec-
ondary�. The cold flow simulations by Avalon and Comas,44

and Brown, Dunlap, Young, and Waugh45 support this con-
cept. The composite �acoustic and shear� waves are clearly
present in the data with sidewall mass injection and parallel
wave motions. The data by Center for Simulation of Ad-
vanced Rockets �CSAR� and Office National d’Etudes et de
Recherches Aerospatiales �ONERA� scientists also corrobo-
rate our analysis. It is important to realize that the effective
amplitude of both components must grow or decay at pre-
cisely the same rate. They are integral parts of the unsteady
field, and must be treated as such in the stability calculations.
Our approach is based on the use of their combined energies.

In an energy representation of the stability problem, we
believe it is necessary that all of the unsteady energy be
properly accounted for. Historically, the dismissal of the ro-
tational energy was made in problems that did not exhibit
cross-flow �cross-steamwise or transverse flow across porous
surfaces�, and in which rotational effects did not penetrate
deep into the chamber. These were problems in which rota-
tional effects were indeed negligible or confined to very thin
layers—thus justifying the purely acoustic representation. In
our problem, the rotational layer is quite large; in fact, most
studies published in the late 1990s predict large unsteady
rotational depths: the unsteady rotational region occupies
nearly 80% of the chamber volume �or more�.19 In view of
this, the energy associated with the unsteady rotational
waves appears to be an appreciable component that must not
be discounted.

C. Stability variables

In order to assess the time evolution of the total system
energy, one can put

k = km + �m + i�m� + O�Mb
2� , �17�

where km is the wave number for the unperturbed acoustic
mode m. For a system dominated by longitudinal oscillation
modes, a single integer m will suffice in identifying the mode
under consideration. Following the conventional energy-
balance procedure, the small frequency correction m is not
evaluated. The real parts of Eqs. �5�, �6�, and �8� yield

ˆ ˆ
p = pm exp��mt�cos�kmt� , �18�
û = ûm exp��mt�sin�kmt� , �19�

ũ = exp��mt��ũm
r cos�kmt� + ũm

i sin�kmt�� , �20�

where the superscripts �r , i� stand for the real and imaginary
parts; in like fashion, one finds

p̂m = cos�kmz� , �21�

ûm = sin�kmz�ez, �22�

ũm
r = sin�x�exp���sin�	�sin�sin�x�kmz�ez, �23�

ũm
i = − sin�x�exp���cos�	�sin�sin�x�kmz�ez. �24�

The acoustic pressure and velocity mode shapes are related
by ûm=−� p̂m /km.

D. Unsteady energy normalization form

These expressions can be inserted into Eq. �14�, time
averaged, and time differentiated. At the outset, one can
write

dE

dt
= �m

�1� exp�2�mt�Em
2 , �25�

where the acoustic energy normalization function emerges as

Em
2 = 1

2 ��� ��pm� �2 + ûm · ûm + 2ûm · ũm
i + ũm

r · ũm
r

+ ũm
i · ũm

i �dV . �26�

When the entire volume integral of Eq. �26� is carried out for
the axial mode case, one finds

Em
2 = 5

8�L/R = 5
8�l . �27�

This value is valid for an internal burning motor of length L
and effective radius R.

III. ACOUSTIC GROWTH RATE CALCULATIONS

The linear system growth rate �m
�1� for a given oscillation

mode consists of the linear superposition of several volume
integrals that can be segregated from Eq. �16�. Writing

�m
�1� = �1 + �2 + �3 + ¯ = �

i=1

N

�i, �28�

these integrals can be carried out individually, or in combi-
nation, depending on their general form. Naturally, the com-
posite growth rate of the system will be a linear sum of these
factors. The main contribution of this analysis lies in the
presentation of these corrections to higher order of accuracy,
thus enabling us to propose stability criteria and critical pa-
rameters that delineate the stability regions. In the process,
we derive the unsteady nozzle loss �not considered previ-
ously�, prove that �3=0 for an arbitrary profile, and demon-
strate that the flow turning loss �4 and the pseudorotational
gain �9 are offset by the rotational flow gain �5 and the

unsteady nozzle loss �10, respectively.
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A. First factor: Extended pressure coupling

The first correction factor combines the first three irro-
tational integrals representing pressure coupling and nozzle
damping due to the acoustic energy carried out by the mean
flow,

�1 =
1

exp�2�mt�Em
2 � � �

V
�− � · 	p̂û +

1

2
MbU�p̂�2�

− Mb�û · � �U · û���dV . �29�

Using Gauss’s theorem, one transforms the integrand with
the divergence operator into a simpler surface integral. One
gets

�30�

At this point, vector projections along the outward pointing
unit normal vector n must be carefully evaluated along dif-
ferent sections of the enclosure delineating the idealized
rocket motor chamber. These include: First, along the burn-
ing surface,

n · û = − MbAb
�r�p̂, n · U = − 1. �31�

Second, along the inert surface,

n · û = − MbAS
�r�p̂, n · U = 0, �32�

with AS
�r� being the inert surface admittance. Thirdly, along

the nozzle entrance plane,

n · û = MbAN
�r�p̂, n · U = UN, �33�

where AN
�r� is the nozzle admittance and UN is the mean axial

velocity crossing the nozzle entrance plane at z= l. A new
term will be later introduced in Sec. III J to account for the
unsteady axial energy crossing this plane.

Assuming that AS
�r� is small compared to other terms,

Eqs. �31�–�33� can be substituted back into Eq. �30�. The first
integral becomes

I =
− 1

exp�2�mt�Em
2 � �

S
�− MbAb

�r�p̂2 + MbAN
�r�p̂2

+
1

2
Mbp̂2�− 1 + UN��dS . �34�
Grouping and rearranging, Eq. �34� simplifies into
I =
− Mb

exp�2�mt�Em
2 � �

S
� p̂2	− Ab

�r� −
1

2
� + p̂2	AN

�r�

+
1

2
UN��dS . �35�

At this juncture, one inserts the value of p̂2 and carries out
the time averaging; this leads to

I =
Mb

2Em
2 
� �

Sb

�cos2�kmz�	Ab
�r� +

1

2
��dS

−� �
SN

�cos2�kmz�	AN
�r� +

1

2
UN��dS� . �36�

In much the same way, the second integral of Eq. �30�
can be written as

II =
− 1

exp�2�mt�Em
2 � � �

V

�Mb�û · � �U · û���dV

=
Mb

exp�2�mt�Em
2 � � �

V

��U · û� � · û�dV , �37�

where the divergence of the mean flow vector has been set
equal to zero. The time average can now be readily evalu-
ated. One gets

II = −
1

2
MbEm

−2� �
S

1

2
n · Up̂m

2 �dS

=
1

2
MbEm

−2
� �
Sb

1

2
p̂m

2 dS −� �
SN

1

2
UNp̂m

2 dS� . �38�

Combining Eqs. �38� and �36�, Eq. �29� becomes

�1 =
1

2
MbEm

−2�� �
Sb

1

2
cos2�kmz�dS

−� �
SN

	1

2
UN cos2�kmz��dS�

+
1

2
MbEm

−2
� �
Sb

�cos2�kmz�	Ab
�r� +

1

2
��dS

+� �
SN

�cos2�kmz�	− AN
�r� −

1

2
UN��dS� . �39�

Collecting same type integrals, one obtains, at length,

�1 =
1

2
MbEm

−2� �
Sb

cos2�kmz��Ab
�r� + 1�dS

−
1

2
MbEm

−2� �
SN

cos2�kmz��AN
�r� + UN�dS . �40�

By applying a mass balance to an internal burning solid
rocket motor, one obtains 2�RLVb=�R2UN

* or UN=2l. Then
�r�
using AN = ��−1�l, Eq. �40� can be simplified into
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�1 = 1
2�lMbEm

−2��Ab
�r� + 1��1 + sin�2kml�/�2kml��

− cos2�kml��� + 1�� . �41�

It should be noted that, by virtue of km=m� / l,

�sin�2kml� = sin�2m�� = 0

cos�kml� = cos�m�� = ± 1
�, ∀ m � N . �42�

The first growth rate factor becomes

�1 = 1
2�lMbEm

−2�Ab
�r� − �� = 4

5 Mb�Ab
�r� − �� . �43�

B. Second factor: Dilatational energy
correction

The fourth irrotational term in Eq. �16� leads to

�2 =
1

Em
2 exp�2�mt�

� � �
V
� 4

3
�2û · � �� · û��dV .

�44�

Starting with the definition of acoustic velocity and pressure,
one can put

� · û = exp��mt�sin�kmt� � · �− � p̂m/km�

= km exp��mt�sin�kmt�cos�kmz� , �45�

and so

��� · û� = � �km exp��mt�sin�kmt�cos�kmz��

= − km
2 exp��mt�sin�kmt�sin�kmz�ez, �46�

turning �2 into

�2 = − 4
3km

2 �2Em
−2���V�sin2�kmz�sin2�kmt��dV . �47�

After time averaging, Eq. �47� reduces to

�2 = − 2
3km

−2�2Em
−2���Vsin2�kmz�dV . �48�

Using dV=rdzdrd�, the triple integral can be expressed as

�2 = −
2

3
km

2 �2Em
−2�

0

2� �
0

1 �
0

L/R

sin2�kmz�rdzdrd�

= −
1

3
�km

2 l�2Em
−2�1 − sin�2kml�/�2kml��

= −
1

3
�km

2 l�2Em
−2 = −

8

15

Mb

3. �49�

C. Third factor: Acoustic mean flow correction

The fifth term in Eq. �16� can be evaluated from

�3 =
1

Em
2 exp�2�mt�

� � �
V

�Mb�û · �û � ����dV . �50�

Being the mean flow vorticity, � can be approximated from

� = �ê� = �2rz sin�x�e�, �51�
and so
û � � = − �ûzer + �ûrez. �52�

Therefore, at any order,

û · �û � �� = �ûrêr + ûzêz� · �− �ûzêr + �ûrêz�

= − ûr�ûz + ûz�ûr = 0. �53�

Evidently, this vector identity causes �3 to vanish. Upon
closer examination, it may be useful to note that �3 vanishes
for an arbitrary profile because û and û�� are always per-
pendicular.

D. Fourth factor: Flow turning correction

The sixth term in Eq. �16� is a function of the unsteady
vorticity. Nonetheless, this term has often been dubbed the
flow turning loss in the irrotational stability formulation. It is
kept among the irrotational terms to reflect its presence in the
classic formulation. Starting with

�4 =
Em

−2

exp�2�mt� � � �
V

�Mbû · �U � ���dV

=
− MbEm

−2

km exp�2�mt� � � �
V

�� p̂ tan�kmt� · �U � ���dV ,

�54�

one recalls that �ũr /�z=O�Mb
2� so that �= � � ũ

=−��ũz /�r�e�. Using the definition of ũz, the unsteady vortic-
ity is expressible by

� = − exp��mt�	 � ũm
r

�r
cos�kmt� +

� ũm
i

�r
sin�kmt��e�. �55�

Using the fact that U��= �−Uz�er+ �Ur�ez, one can re-
write �4 as

�4 =
MbEm

−2

exp�2�mt� � � �
V

��sin�kmz�exp��mt�

�sin�kmt��ez · �− Uzer + Urez��dV , �56�

hence,

�4 =
MbEm

−2

exp�2�mt� � � �
V

�sin�kmz�exp��mt�sin�kmt�Ur�dV

�57�

or

�4 =
− MbEm

−2

e2�mt � � �
V
�Ur sin�kmz�exp�2�mt�sin�kmt�

�	 � ũm
r

�r
cos�kmt� +

� ũm
i

�r
sin�kmt���dV . �58�

Equation �58� can, in turn, be partitioned into two terms such

as
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�59�

Forthwith, term I gives

I = � 1

2
Ur sin�kmz�exp�2�mt�sin�2kmt�

� ũm
r

�r
�

=
km

4�
exp�2�mt�Ur sin�kmz�

� ũm
r

�r
�

0

2�/km

sin�2kmt�dt = 0,

�60�

being vanishingly small, one is left with term II; this can be
calculated from

II = �Ur sin�kmz�exp�2�mt�sin2�kmt�
� ũm

i

�r
�

=
km

2�
exp�2�mt�Ur sin�kmz�

� ũm
i

�r
�

0

2�/km

sin2�kmt�dt

=
1

2
exp�2�mt�Ur sin�kmz�

� ũm
i

�r
. �61�

Combining, Eq. �58� becomes

�4 =
− Mb

2Em
2 � � �

V

Ur sin�kmz�
� ũm

i

�r
dV , �62�

where the derivative must be evaluated from

� ũm
i

�r
= − sin x exp �

��cos 	�
�r

sin�kmz sin x� + ¯ . �63�

Only the leading term in this derivative is shown, being one
order of magnitude larger than other quantities resulting from
chain-rule differentiation. The dominance of this term is due
to the derivative of 	 being proportional to the inverse of the
mean flow Mach number. At the outset, one identifies that

� ũm
i

�r
�

km

MbUr
sin�x�exp���sin�	�sin�sin�x�kmz� . �64�

Inserting Eq. �64� into Eq. �62� gives

�4 = −
1

2
kmEm

−2�
0

2�

d��
0

L/R �
0

1

r sin�x�exp���sin�	�

�sin�kmz sin x�sin�kmz�drdz . �65�
Subsequently, expanding r as 1−y, one gets
�4 = − �kmEm
−2�

0

1 �
0

1

�1 − y�sin	1

2
��1 − 2y + y2��

�sin�kmz�sin�sin	1

2
��1 − 2y + y2��kmz�

� sin�	�exp���dzdy . �66�

The first integral with respect to z renders

�4 = − �kmEm
−2�

0

1

�1 − y�sin	1

2
��1 − 2y + y2��

�sin�	�exp���

�	 sin�kml�1 − sin� 1
2��1 − 2y + y2����

2km�1 − sin� 1
2��1 − 2y + y2���

−
sin�kml�1 + sin� 1

2��1 − 2y + y2����
2km�1 + sin� 1

2��1 − 2y + y2��� �dy . �67�

At this juncture, one must carefully examine the spatial
behavior of each term in Eq. �67�. One finds that lineariza-
tion of certain terms will be appropriate prior to integration.
To start, both 	 and � must be fully expanded using
MacLaurin series; one finds

	 = �km/Mb��y − 1
2 y2 + 1

6�2y3 − 1
4�2y4 + ¯ � , �68�

� = − 
�y + 3
2 y2 − 5.9348y3 + 15.0544y4 + ¯ � . �69�

It can be easily shown by plotting these functions �see Fig. 3�
that the leading-order representations for 	 and � lead to
very good approximations. Interestingly, these one-term ap-
proximations outperform higher-order polynomial represen-
tations except near the core; the deterioration of the one-term
approximations near the core is immaterial: boundary-driven
rotational effects are significant near the walls only. Conse-
quently, one can put

2

FIG. 3. Comparison of exact representations and polynomial approxima-
tions for �a� � and �b� 	. In both cases, the leading-order linear approxima-
tion outperforms the higher-order polynomials in the domain above the wall
where most meaningful interactions take place.
sin�	� = sin�kmy/Mb� + O�y � , �70�
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exp��� = exp�− 
y� + O�y2� . �71�

To be consistent, all �but the last two terms� remaining in
Eq. �67� must be linearized to the order of y2. The resulting
expression for �4 becomes

�4 = −
1

2
�kmEm

−2�
0

1

sin�kmy/Mb�exp�− 
y�

��l −
1

2
sin�2kml�/km − y	l −

1

2
sin�2kml�/km��dy .

�72�

At first glance, the exact integral of Eq. �72� appears to
be intractable. Nonetheless, an inviscid result can be easily
extracted by suppressing the viscous parameter 
. The invis-
cid form of �4 turns out to be

�4
0 = − 1

2�lMbEm
−2�1 − sin�2kml�/�2kml�� . �73�

Knowing that the exact integral must match the inviscid so-
lution in the limit as 
→0, we use inductance and reevaluate
Eq. �72�; at the outset, we obtain

�4 = − 1
2�lMbEm

−2�1 − sin�2kml�/�2kml���1 + Mb
2
2/km

2 �−1

= − 1
2�lMbEm

−2�1 + Mb
2
2/km

2 �−1

= − 4
5 Mb�1 + �−2Mb

2
2l2m−2�−1. �74�

This expression approximates Eq. �62� to within a few per-
cent over a wide range of Mb ,
 , l, and m.

E. Fifth factor: Rotational flow correction

The integrals considered thus far are those that have
been traditionally accepted in stability assessments. As em-
phasized by Flandro and Majdalani,33 consistent retention of
unsteady rotational terms gives way to several additional in-
tegrals. The first rotational flow stability integral in Eq. �16�
has the form

�5 =
1

Em
2 exp�2�mt�

� � �
V

�− ũ · � p̂�dV . �75�

The integrand stems from

− ũ · � p̂ = km sin�kmz�exp�2�mt�

��ũm
r cos2�kmt� + ũm

i sin�kmt�cos�kmt�� , �76�

so that �5 can now be written as

�5 =
km

Em
2 exp�2�mt�

� � �
V

exp�2�mt�

���sin�kmz�ũm
r cos2�kmt�

+ sin�kmz�ũm
i sin�kmt�cos�kmt���dV . �77�
Carrying out the time average of the last expression, one gets
�5 =
km

2Em
2 � � �

V

sin�x�exp���sin�	�sin�kmz sin�x��

�sin�kmz�dV . �78�

At this point, the volume integral can be expanded into

�5 =
1

2
kmEm

−2�
0

2�

d��
0

1 �
0

1

r sin�x�exp���sin�	�

�sin�kmz sin�x��sin�kmz�dzdr . �79�

This expression is the negative of Eq. �65�. Following the
same lines as before, �5 becomes

�5 = 4
5 Mb�1 + �−2Mb

2
2l2m−2�−1. �80�

Except for having an opposite sign, this expression is iden-
tical to the flow turning integral ��5=−�4�. The flow turning
loss is hence phased out due to the rotational flow correction
even when higher-order approximations are used. At first
glance, this result seems paradoxical. Upon further examina-
tion, however, it appears to be in total accord with Van
Moorhem’s formal work34 in which he proves that flow turn-
ing, albeit quintessential to one-dimensional models of po-
rous chambers, will disappear in two- and three-dimensional
settings.

It is now necessary to tackle the remaining terms in Eq.
�16�. Some of them do not contribute to the system energy
and are carefully described by Flandro and Majdalani.33 Spe-
cifically, the second, third, and sixth rotational integrals in
Eq. �16� can be shown to be of second order in the Mach
number.

F. Sixth factor: Inviscid vortical correction

The fifth rotational term in Eq. �16� can be written as

�6 =
1

Em
2 exp�2�mt�

� � �
V

�Mbũ · �U � ���dV . �81�

This can be further simplified into

�6 =
Mb

Em
2 exp�2�mt�

� � �
V

�exp��mt��ũm
r cos�kmt�

+ ũm
i sin�kmt��ez · �− Uzer + Urez��dV . �82�

Direct expansion gives

�6 =
− Mb

Em
2 exp�2�mt�

� � �
V

�Ur exp�2�mt�

���� ũm
r /�r�cos�kmt� + �� ũm

i /�r�sin�kmt��
��ũm

r cos�kmt� + ũm
i sin�kmt���dV . �83�

After carrying out the time averaging operation, one is left
with

�6 =
− Mb

2Em
2 � � �

V

Ur
 � ũm
r

�r
um

r +
� ũm

i

�r
um

i �dV , �84�
which reduces to
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�6 =
− Mb

4Em
2 � � �

V

Ur	 �

�r
�ũm

r 2 + ũm
i 2��dV . �85�

By substituting the values of ũm
r and ũm

i into Eq. �85�, one
reaps

�6 =
− Mb

4Em
2 � � �

V

Ur�sin2�x�exp�2��sin2�	�

�sin2�kmz sin�x�� + sin2�x�exp�2��cos2�	�

�sin2�kmz sin�x���rdV , �86�

where the subscript denotes partial differentiation with re-
spect to r. Since sin2�	�+cos2�	�=1, Eq. �86� collapses into

�6 =
− Mb

4Em
2 � � �

V

Ur�sin2�x�exp�2��sin2�kmz sin�x���rdV .

�87�

As usual, the independent variable is switched such that

�6 =
− Mb

4Em
2 � � �

V

�1 − y�−1sin	1

2
��1 − 2y + y2��

�
sin2	1

2
��1 − 2y + y2��exp�2��

�sin2�kmz sin	1

2
��1 − 2y + y2����

y
dV . �88�

The corresponding triple integral becomes

�6 =
− �Mb

2Em
2 �

0

l �
0

1

sin	1

2
��1 − 2y + y2��

�
sin2	1

2
��1 − 2y + y2��

�sin2�kmz sin	1

2
��1 − 2y + y2���exp�2���

y
dydz .

�89�

The partial derivative of the quantities between parentheses
can be expanded into a series beginning with

exp�2����y − 1�kmz� sin2� 1
2��1 − 2y + y2��cos� 1

2��1

− 2y + y2��sin�2 sin� 1
2��1 − 2y + y2��kmz� + ¯� ,

�90�

so that the integrand emerges as

G�z,y� = sin� 1
2��1 − 2y + y2��exp�2�����y − 1�kmz

�sin2� 1
2��1 − 2y + y2��cos� 1

2��1 − 2y + y2��
�sin�2 sin� 1

2��1 − 2y + y2��kmz� + ¯� . �91�
At the outset, one can put
�6 =
− �Mb

2Em
2 �

0

1 �
0

l

G�y,z�dzdy =
− �Mb

2Em
2 �

0

1

e2�J�y�dy ,

�92�

where a long expression is obtained for

J�y� = exp�− 2���
0

l

G�z,y�dz . �93�

Using symbolic programming, one can determine the
MacLaurin series expansion J�0��y� for J�y� �about y=0�. To
retain the proper asymptotic behavior of the viscous term, a
one-term expansion ��−
y can be used. The closed-form
solution for �6 can then be calculated from

�6 =
− �Mb

2Em
2 �

0

1

exp�− 2
y�J0�y�dy

= 1
4�lMbEm

−2�1 − sin�2kml�/�2kml��

= 1
4�lMbEm

−2 = 2
5 Mb. �94�

Numerical estimations of �6 confirm the weak dependence
on the viscous parameter 
. Being due to the mean flow
impact on the unsteady flowfield, the inviscid character of
the mean flow at leading order is clearly projected on this
growth rate term.

G. Seventh factor: Viscous correction

The seventh and eighth rotational groups in Eq. �16�
involve viscous damping expressions. In the classical stabil-
ity calculations, viscous effects are discounted. A correction
to the dilatational �volume damping� effect is represented in
the seventh rotational term. This can be transformed into a
surface integral, viz.,

4

3
� � �

V
��2ũ · � �� · û��dV

= −
4

3
�2� �

S
�n · ũ � p�1�/�t�dS . �95�

Clearly, Eq. �95� must be negligible insofar as it scales with
the product of �2 and the radial unsteady velocity at the
boundaries.

The eighth term with viscous damping is not so negli-
gible. Starting with

�7 =
1

Em
2 exp�2�mt�

� � �
V

�− �2�û + ũ� · �� � ���dV ,

�96�

one may set

�7 = �2Em
−2 exp�− 2�mt����V�A + B�dV , �97�

where A=−û · ����� and B=−ũ · ����� so that

A = − û · �� � �� = e�mt sin�kmz�sin�kmt�
�2ũ

2 , �98�

�r
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B = − ũ · �� � �� = e�mt�ũm
r cos�kmt� + ũm

i sin�kmt���2ũ

�r2 .

�99�

Using standard descriptors, the second derivative can be
partitioned into

�2ũ

�r2 = exp��mt�	 �2ũm
r

�r2 cos�kmt� +
�2ũm

i

�r2 sin�kmt�� . �100�

Substituting back into A and B, one gathers

A = sin�kmz�exp�2�mt�	 �2ũm
r

�r2 sin�kmt�cos�kmt�

+
�2ũm

i

�r2 sin2�kmt�� �101�

and

B = exp�2�mt�	ũm
r �2ũm

r

�r2 cos2�kmt� + ũm
i �2ũm

i

�r2 sin2�kmt�

+ ũm
r �2ũm

i

�r2 cos�kmt�sin�kmt�

+ ũm
i �2ũm

r

�r2 cos�kmt�sin�kmt�� . �102�

When substituted back into Eq. �97�, time averaging enables
us to reduce these expressions into

�7 =
�2

2Em
2 � � �

V
	ũm

r �2ũm
r

�r2 + ũm
i �2ũm

i

�r2

+ sin�kmz�
�2ũm

i

�r2 �dV . �103�

Using the same asymptotic rationale for expanding Eq. �64�,
one can put

�2ũm
i

�r2 � 
 km

MbUr
�2

sin�x�exp���cos�	�sin�sin�x�kmz� ,

�104�

�2ũm
r

�r2 � − 
 km

MbUr
�2

sin�x�exp���sin�	�sin�sin�x�kmz� .

�105�

The main integral becomes

�7 =
�2km

2

2Em
2 Mb

2 � � �
V

�r2 csc�x�exp���cos�	�sin�kmz�

�sin�kmz sin�x�� − r2 exp�2��sin2�kmz sin�x���dV .

�106�
Asymptotically, it can be shown that
�r2 csc�x�exp���cos�	�sin�kmz�sin�kmz sin�x���

� �r2 exp�2��sin2�kmz sin�x��� . �107�

Therefore, without any appreciable loss in accuracy, the main
integral collapses into

�7 =
− �2

2Em
2 
 km

Mb
�2� � �

V

r2 exp�2��sin2�kmz sin�x��dV .

�108�

As usual, expanding the triple integral renders

�7 =
− �2

2Em
2 
 km

Mb
�2�

0

2� �
0

l �
0

1

�r3 exp�2��sin2�kmz sin�x���

�drdzd� , �109�

so that

�7 =
− ��2

2Em
2 
 km

Mb
�2�

0

1

r3 exp�2��

�	l −
sin�2kml sin�x��

2km sin�x� �dr . �110�

Recalling Eq. �12�, subsequent linearization and integration
lead to

�7 = − 1
8�lMb
−2Em

−2�1 − 2
 + 2
2 − e−2
�
= − 1

5 Mb
−2�1 − 2
 + 2
2 − e−2
� . �111�

At this point, it may be instructive to note that

1 − 2
 + 2
2 − e−2
 = 4
3
3 − 2

3
4 + 4
15
5 − 4

45
6 + O�
7� .

�112�

The small 
 approximation of Eq. �111� becomes

�7 = − 1
6�lMb
Em

−2�1 − 1
2
 + 1

5
2 − 1
15
3 + O�
4��

= − 4
15 Mb
�1 − 1

2
 + 1
5
2 − 1

15
3 + O�
4�� . �113�

In turbulent flow, one can expect the impact of �6 and �7 on
stability to become markedly more significant.

H. Eighth factor: Pseudoacoustical correction

The last two terms in Eq. �16� are due to the coupling
between the pseudopressure associated with the vortical field
and either the unsteady acoustical or rotational velocities.
The first term can be expressed by

�8 =
1

Em
2 exp�2�mt�

� � �
V

�− û · � p̃�dV . �114�

Traditionally, terms due to the pseudopressure are ig-
nored because of the small contribution of p̃.33,36 At present,
the corresponding integrals will be evaluated before a deci-
sion is made. Our motivation stems from recent numerical
and experimental studies that have emphasized the impor-
tance of the pseudopressure in the global analysis.37–40
Following the form used in Eq. �20�, one can write
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p̃ = exp��mt��p̃m
r cos�kmt� + p̃m

i sin�kmt�� , �115�

where

p̃m
r = − 1

2�Mbz sin�	�sin�2x�exp���sin�kmz sin�x�� ,

�116�

p̃m
i = 1

2�Mbz cos�	�sin�2x�exp���sin�kmz sin�x�� . �117�

Accordingly,

� p̃ = exp��mt��cos�kmt� � p̃m
r + sin�kmt� � p̃m

i � , �118�

� p̃m
r =

�

�r
�p̃m

r �er +
�

�z
�p̃m

r �ez

� − 1
2��km/Ur�z cos�	�sin�2x�exp���sin�kmz sin�x��

�er − 1
2�Mb sin�	�sin�2x�exp����sin�kmz sin�x��

+ kmz sin�x�cos�kmz sin�x���ez �119�

and

� p̃m
i =

�

�r
�p̃m

i �er +
�

�z
�p̃m

i �ez

� − 1
2��km/Ur�z sin�	�sin�2x�exp���sin�kmz sin�x��

�er + 1
2�Mb cos�	�sin�2x�exp����sin�kmz sin�x��

+ kmz sin�x�cos�kmz sin�x���ez. �120�

Before time averaging, the integrand in �8 can be expanded
into

û · � p̃ � 1
2�Mb exp�2�mt�sin�kmz�sin�kmt�sin�2x�

�exp����sin�kmz sin�x��

+ kmz sin�x�cos�kmz sin�x���

��cos�	�sin�kmt� − sin�	�cos�kmt�� . �121�

Hence,

�û · � p̃� = 1
4�Mb exp�2�mt�sin�kmz�sin�2x�e� cos�	�

��sin�kmz sin�x��

+ kmz sin�x�cos�kmz sin�x��� . �122�

The corresponding integral becomes

�8 = − Em
−2���V

1
4�Mb exp���sin�kmz�sin�2x�cos�	�

��sin�kmz sin�x�� + kmz sin�x�cos�kmz sin�x���dV ,

�123�

which can be evaluated from

�8 = −
1

4
�MbEm

−2�
0

2� �
0

l �
0

1

r sin�kmz�sin�2x�e� cos�	�

��sin�kmz sin�x�� + kmz sin�x�

�cos�kmz sin�x���drdzd�

= −
1

�2MbEm
−2
2

��
0

l �
0

1

r sin�kmz�sin�2x�exp���cos�	�

���sin�kmz sin�x��

+ kmz sin�x�cos�kmz sin�x���drdz . �124�

At this juncture, one can directly integrate Eq. �124� with
respect to z. The outcome is

�8 = −
1

4
�2Mbkm

−1Em
−2�

0

1

Q�r�dr , �125�

where

Q�r� = r exp���cos�	�sin�2x�sec3�x��cos�kml�

��− 2kml cos�x�cos�kml sin�x��sin�x�

+ �cos�2x� − 3�sin2�x�sin�kml sin�x��

− 2 cos�kml sin�x��tan�x��� . �126�

The result must then be linearized and integrated with re-
spect to r. One obtains

�8 � −
1

24
�3lMbEm

−2�
0

1

exp�− 
y�cos�kmy/Mb�

���2��kml�2 − �2 + 3�y3 − 9y2 + 6y�dy , �127�

and so

�8 = 1
4�3lMb

3km
−2Em

−2�1 + Mb
2
2/km

2 �−3�1 − Mb
2km

−2�9


+ �3 − �2 + 2�2km
2 l2��1 + Mb

2
2/km
2 �−1�� + O�Mb

7km
−6� .

�128�

Using km=m� / l and Eq. �27�, �8 can be rearranged into

�8 = 2
5 �Mb

3l2/m2��1 + Mb
2
2l2/�m��2�−3�1 − Mb

2l2/�m��2�
� �9
 + �3 − �2 + 2�4m2��1 + Mb

2
2l2/�m��2�−1� .

�129�

In most rocket motor applications exhibiting a relatively
small 
 ,�8 may be given by

�8 = 2
5 �Mb

3l2/m2��1 − 3Mb
2
2l2/�m��2� . �130�

It may be interesting to note that the leading-order invis-
cid part, namely, �8

0= 2
5 �Mb

3l2 /m2� is always smaller than
�1 ,�4 ,�5 ,�6, or �7. Nonetheless, since �8 remains larger in
magnitude than �2=− 8

15
Mb
3, its inclusion in the overall sta-

bility assessment is helpful for methodological consistency.

I. Ninth factor: Pseudorotational correction

As alluded to earlier, the last term in Eq. �16� is due to
the less obvious coupling that is formed between vorticity-
induced pseudopressure and the unsteady rotational velocity.
The significance of this term can be derived from

�9 =
− 1

Em
2 exp�2�mt�

� � �
V

�ũ · � p̃�dV . �131�

After taking the dot product of Eqs. �20� and �118�, one

carries out the time averaging to obtain
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�ũ · � p̃� = − 1
4�Mb exp�2�mt��sin�2x�sin�x�exp�2��

��sin�kmz sin�x�� + kmz sin�x�

�cos�kmz sin�x���sin�kmz sin�x��

+ kmz sin2�x�sin�2x�exp�2��sin�kmz sin�x��

�cos�kmz sin�x��� . �132�

The volume integral becomes

�9 = 1
4�MbEm

−2���V�sin�2x�sin�x�exp�2��

��sin�kmz sin�x�� + kmz sin�x�cos�kmz sin�x���

�sin�kmz sin�x�� + kmz sin2�x�sin�2x�

�exp�2��sin�kmz sin�x��cos�kmz sin�x���dV , �133�

and so,

�9 =
1

2
�2MbEm

−2�
0

1 �
0

1

r�sin�2x�sin�x�exp�2��

��sin�kmz sin�x�� + kmz sin�x�cos�kmz sin�x���

�sin�kmz sin�x�� + kmz sin2�x�sin�2x�

�exp�2��sin�kmz sin�x��cos�kmz sin�x���drdz .

�134�

Next, the integral with respect to z is evaluated. The subse-
quent expression is transformed into y, linearized near the
wall, and integrated term-by-term. After some effort, one
finds

�9 =
1

4
�2lMbEm

−2�
0

1 	�1 − y�exp�2��

�
1 − cos�2kml sin	1

2
��1 − 2y + y2����

�sin	1

2
��1 − 2y + y2��sin���1 − 2y + y2���dy .

�135�

Equation �135� requires an asymptotic treatment that relies,
in part, on trigonometric identities. One collects

�9 =
9

50
�lMbEm

−2�
0

1

exp�2���1 − y�

��cos	1

2
��1 − 2y + y2��

− cos	3

2
��1 − 2y + y2���dy , �136�

thus leaving us with

�9 =
9

50
�lMbEm

−2�
0

1

exp�− 2
y��2�y − �y2��1 − y�dy ,

�137�
which, at length, gives
�9 = 9
200�2lMbEm

−2��
2 − 3
2�exp�− 2
� + 3

2 − 3
 + 2
2�
−4

= 9
125�Mb��
2 − 3

2�exp�− 2
� + 3
2 − 3
 + 2
2�
−4.

�138�

In seeking the small 
 approximation, it is helpful to note
that

�
2 − 3
2�e−2
 + 3

2 − 3
 + 2
2 = 
4 − 14
15
5 + 8

15
6 + ¯ .

�139�

At the outset, Eq. �138� can be expanded into

�9 = 9
125�Mb�1 − 14

15
 + 8
15
2 − 8

35
3 + 5
63
4 + ¯� , �140�

whose leading order can be seen to be �9
0= 9

125�Mb. Being of
the same order as �1 ,�4 ,�5 ,�6, or �7, the pseudorotational
correction constitutes an important destabilizing factor that
requires incorporation into the stability calculations. The ap-
pearance of such a term lends further support to the recent
experimental and numerical findings of French
investigators.37–40 The present study confirms that, despite
the small size of the pseudopressure by comparison with the
acoustic component, its incorporation throughout the analy-
sis is necessary for the accurate appropriation of coupling
with essential flow elements. When gauging �8 and �9, the
latter is more appreciable. The most significant contribution
is owed, once again, to the presence of an unsteady rotational
field. This justifies, in part, the omission of the pseudopres-
sure in stability calculations based on an oscillatory field that
lacks the boundary-driven rotational element. So far this
principal flow ingredient has given rise to six growth rate
corrections via �4 through �9.

J. Tenth factor: Unsteady nozzle correction

One term that has often been omitted in stability calcu-
lations is due to the unsteady rotational energy exiting the
motor at the downstream end. This growth rate is precipi-
tated by the third and fourth rotational terms of Eq. �16�;
these can be lumped together via

�10 =
− Mb

Em
2 exp�2�mt�

� � �
V

��û + ũ� . � �U · ũ��dV .

�141�

This triple integral can be converted into

�10 = − MbEm
−2e−2�mt� �

SN

��n · �û + ũ���U · ũ��dS

= − MbEm
−2e−2�mt� �

SN

�ũz
2Uz�dS + O�Mb

2�

= − MbEm
−2e−2�mt� �

SN

�e2�mt�z cos�x���ũm
r �2

�cos2�kmt� + �ũm
i �2sin2�kmt� + 2ũm

r ũm
t sin�kmt�

�cos�kmt���dS , �142�
which, after time averaging, renders



074102-13 Some rotational corrections to the acoustic energy Phys. Fluids 17, 074102 �2005�
�10 = −
1

2
�MbEm

−2� �
SN

z cos x��ũm
r �2 + �ũm

l �2�dS

= − �2lMbEm
−2�

0

1

e2�r cos x sin2 x sin2�kml sin x�dr .

�143�

Subsequent integration yields

�10 = − �2lMbEm
−2�

0

1

�1 − y�exp�− 2
y�

�cos� 1
2��1 − 2y + y2�� � sin2� 1

2��1 − 2y + y2��
�sin2�kml sin� 1

2��1 − 2y + y2���dy . �144�

At this point, one may prove that �10 is identical to −�9 �for
a full length motor� by using the trigonometric identities

sin2�kml sin� 1
2��1 − 2y + y2���

= 1
2�1 − cos�2kml sin� 1

2��1 − 2y + y2���� ,

�145�
cos� 1

2��1 − 2y + y2��sin� 1
2��1 − 2y + y2��

= 1
2sin���1 − 2y + y2�� .

These will transform Eq. �144� into the negative of Eq.
�135�. The last squared sine term in Eq. �144� causes �10

�and, in retrospect, �9� to be virtually independent of kml.
Supported by numerical verification, one finds �10 to be a

TABLE I. Linear growth rate corrections and the critical parameters deline

Improved rotational set in g

Em
2 = 1

2

�1:
Pressure coupling

−Em
−2 exp�−2�mt����V�� ·�p̂û+ 1

2 MbU�p̂

�2:
Dilatational

Em
−2 exp�−2�mt����V� 4

3�2û ·

�3:
Acoustic mean

Em
−2 exp�−2�mt����V�Mb�û ·

�4:
Flow turning

Em
−2 exp�−2�mt����V�Mbû ·

�5:
Rotational flow

−Em
−2 exp�−2�mt����V�u

�6:
Mean vorticity

Em
−2 exp�−2�mt����V�Mbu ·

�7:
Viscosity

−Em
−2 exp�−2�mt����V��2�û ·u

�8:
Pseudo acoustic

Em
−2 exp�−2�mt����V�−û

�9:
Pseudo vorticity

−Em
−2 exp�−2�mt����V�u

�10:
Unsteady nozzle

−Em
−2 exp�−2�mt����V�Mb�û+

Critical damping
parameter

Critical aspect ratio lr=m��Mb
−3/2

Critical Mach number Mbr=6
sole function of 
. Based on Eq. �144� an alternative approxi-
mation that is more accurate for 
�7 can be found by using
the Lorentzian form

�10 = − 5
6�2lMbEm

−2���2 + 4�
 + 2�2�−1 − 1
500�

= − 4
3�Mb���2 + 4�
 + 2�2�−1 − 1

500� . �146�

One may check that the inviscid limit is �10
0 =− 9

125�Mb,
hence equal but opposite in sign to �9

0. Despite their widely
dissimilar sources, it is interesting that both �9 and �10 can-
cel identically when the summation is performed over a full
length cylindrical motor. This result remains approximate be-
cause compressibility effects in the nozzle section are not
accounted for. Specifically, we have adopted the classic no-
tion of a nozzleless, incompressible mean flow, an assump-
tion that degenerates near the nozzle entrance. It is hoped
that a judicious model for nozzle performance can be later
developed and appended to the current formulation. Work in
that direction is currently underway.

IV. DISCUSSION

A. Irrotational stability formulation

The collection of irrotational and rotational growth rate
factors is summarized in Table I. To assess the degree of
improvement associated with the current results, one may
compare the predictions of irrotational stability formulations
with those proposed here. For illustrative purposes, one may
choose four representative cases that have been regularly

13

stability boundaries.

al form Evaluated growth rates �dimensionless�

p̂m�2+ ûm · ûm+2ûm ·um
i +um

r ·um
r +um

i ·um
i �dV

Mb�û · � �U · û���dV 4
5 Mb�Ab

�r�−��

· û��dV − 8
15
Mb

3�O�1�

����dV 0

��dV − 4
5 Mb�1+�−2Mb

2
2l2m−2�−1

�dV 4
5 Mb�1+�−2Mb

2
2l2m−2�−1

��dV 2
5 Mb

���dV − 4
15Mb
�1− 1

2
+ 1
5
2− 1

15
3+O�
4��

�dV 2
5 �Mb

3l2 /m2��O�1�

�dV 9
125�Mb��
2− 3

2
�exp�−2
�+ 3

2 −3
+2
2�
−4

�U ·u��dV − 4
3�Mb���2+4�
+2�2�−1− 1

500�


r=−3�b+9�b
2+12Mb

2 / �4Mb
2�

35
3 sinh� 1

3sinh−1�4� 325
4 +27�− 15

2 −15�b�� / �3535���
�b−� 1

4
−2�1−2
+2
2−e−2
����4
−3l2 /m2�
ating

ener

�����

�2�+

� ��

�û�

�U�

· � p̂

�U�

� · ��

· �p

· �p

u� · �

/5
6 +

� 1
2 −
cited in the literature. These cases span a practical range of



074102-14 Majdalani, Flandro, and Fischbach Phys. Fluids 17, 074102 �2005�
operating parameters for select rocket motors and cold-flow
experiments. In the interest of clarity, these parameters are
cataloged in Table II. As indicated earlier, some stability al-
gorithms do not retain unsteady rotational effects except
through the flow turning loss. The growth rate predicted by
such models is based on

�i = �1−4 = − 1
2�l�bMbEm

−2 − 1
3�km

2 l�2Em
−2

− 1
2�lMbEm

−2�1 + Mb
2
2/km

2 �−1, �147�

where the subscript i refers to the irrotational formulation,
and �b��−Ab

�r�. Recalling that the irrotational energy nor-
malization is given by �Em

2 �i=
1
2�L /R, Eq. �147� can be put in

the form �1−4=KiMb; the irrotational growth rate coefficient
is simply

Ki = − �b − 2
3
Mb

2 − �1 + Mb
2
2l2/�m2�2��−1. �148�

Clearly, the sign of Ki will directly prescribe motor sta-
bility �according to the standard formulation�. Interestingly,
it is possible for the sign of Ki to remain constant as 
 is
increased over the interval 10−3−103. It is also possible for
Ki to change sign, specifically, from negative to positive, as 

is increased. The key lies in Cardano’s discriminant for Ki

=0, namely,

�i = 9l2�1 + �b��b
3 + m2�2�27 + 4�b�9 + 2�b��Mb

2. �149�

When �i�0,Ki will change sign at the critical damping pa-
rameter of


i = ��b
2 − 4

3m2�2Mb
2l−2

�sin� 1
3sin−1���b

2 − 4
3m2�2Mb

2l−2�−3/2

���b
3 + �6 + 4�b�m2�2Mb

2l−2��� − 1
2�b�Mb

−2. �150�

It may be instructive to note that whenever �b�−1��i

�0� ,Ki will be negative, hence indicating a stable system.
However, when �i�0, an unstable system is realized for 

�
i; it appears that the standard formulation is missing an
important element so long as friction has a damping rather
than an energizing effect. Physically, increasing 
 at a given
oscillation mode number should have a stabilizing impact
because it can only be accomplished by increasing the di-
mensionless viscosity �, decreasing the surface Mach num-
ber, or decreasing the length of the motor.

For small 
 ,Ki may be expanded into

Ki = − �b − 1 + 
Mb
2�
l2/�m2�2� − 2

3� + O�Mb
4
4l4� . �151�

It follows that, for motors exhibiting small 
 ,�1−4 is express-

TABLE II. Physical parameters for representative motors.

Motor L�m� R�m� Mb �

Small motor 0.60 0.025 1.7−3 5.49−4

Tactical rocket 2.03 0.102 3.1−3 2.74−4

Cold flow 1.73 0.051 3.3−3 6.07−4

Space shuttle SRB 35.1 0.700 2.3−3 1.04−4

aAssumed value due to the absence of a reported estimate.
ible by
�1−4
0 � − Mb��b + 1� + 
Mb

3�
l2/�m2�2� − 2
3� . �152�

B. Rotational formulation

For a more precise stability estimation, one may use the
subscript r for “rotational” and write

�r = �1−10 = �
n=1

10

�n, �153�

where the energy normalization is based on33

�Em
2 �r = 5

8�L/R . �154�

The superposition of these terms yields �1−10= 4
5 MbKr; the

rotational stability coefficient is realizable from

Kr = − �b + 1
2 − 
� 2

3 Mb
2 + 1

4
−3�1 − 2
 + 2
2 − e−2
��
+ 1

2 �Mb
2l2/m2��1 + Mb

2
2l2/�m��2�−3. �155�

Equation �155� enables us to seek direct relations between
chamber parameters that will ensure a stable system by guar-
anteeing a negative Kr. Similar relations can be helpful in the
developmental stages of motors exhibiting less simplistic
grain configurations. Using a cubic expansion of Kr near 

=0, one collects, at O�
4 ,Mb

6�,

Kr
0 = − �b + 1

2 − 1
3
 + 1

6
2 − 1
15
3

+ 1
2 Mb

2�l2/m2 − 4
3
 − 3Mb

2
2l4/�m4�2�� . �156�

This expression is valid for 
�1,Mb�0.1. However, dis-
missing the last term in Eq. �156� merely reduces its range to
Mb�0.01. This simpler relation is useful in predicting the
onset of instability in motors with small 
. Insofar as the
critical value 
r that causes Kr

0 to change sign is the zero of
Eq. �156�, one can use Cardano’s method to find the useful
expression


r = 5
6 +

35
3 sinh� 1

3sinh−1�4� 325
4 + 27�− 15

2 − 15�b

− 15Mb
2l2/�2m2���/�3535���, 
r � 1.0. �157�

To promote a stable system, one must have 
�
r for a
given set of parameters. Thus, for sufficiently small 
 and
Mb, the growth rate collapses, at O�
2 ,Mb

2�, into

�1−10
0 = 4

5 Mb�− �b + 1
2 − 1

3
� . �158�

In a similar way, one can seek a quadratic expansion of
Kr for large 
. This yields an approximation that is valid for

� −3

km S 
 f�Hz� Ab
�r� a0�m/s�

.31−1 77.00 1.0512 1227 2.5 1472

.58−1 50.92 0.0628 360 1.2 1462

.26−2 28.07 0.0879 84.0 −2.0a 291

.27−2 27.24 0.0035 19.5 1.0 1369
1

1

9

6


�10,Mb�0.1. The corresponding Kr at O�
 � becomes
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Kr
� = − �b + 1

2
−1 − 2
3 Mb

2
 . �159�

In calculating the critical value 
r that causes Kr
� to van-

ish, root finding methods can also be used to obtain


r = − 3�b + 9�b
2 + 12Mb

2/�4Mb
2�, 
r � 10. �160�

Along similar lines, the critical Mach number which
must not be exceeded lest instabilities occur can be calcu-
lated using a quadratic approximation to O�M2l2
2�; we get

TABLE III. Numerical integrals of irrotational, rotational, and individual gr

Motor �1−4
* a �1−10

* ���� �1
* �2

*

�s−1�

Small motor 20.1 116 82.7 96.1 −1.62−4

Tactical rocket −49.1 12.4 79 −3.55 −1.43−5

Cold flow −81.3 −43.0 38.3 −49.7 −9.63−6

Space shuttle SRB −5.93 .600 6.53 −1.08 −4.43−8

aThe sum of the growth rates is multiplied by 5/4 to be consistent with t
�Em

2 �i=
1
2�L /R instead of �Em

2 �r= 5
8�L /R.
b

Same as in Table II.
Mbr = 6Cr�4
 − 3l2/m2� ,

�161�
Cr = 1

2 − �b − � 1
4
−2�1 − 2
 + 2
2 − e−2
�� .

If needed, a higher-order approximation that does not ignore
any terms in Eq. �155� can also be obtained,

Mbr =
Dr

18Crl
6
621/3 −

m2�2

l2
2 −
21/3�3l2 − 2�

Dr
, �162�

where

rates �s−1�.

�4
* �5

* �6
* �7

* �8
* �9

* �10
*

−80.0 80.0 39.2 −19.00 0.0650 11.5 −11.5

−35.7 35.7 16.5 −0.716 0.0630 9.62 −9.62

−15.3 15.3 7.02 −0.419 0.0490 4.01 −4.01

−3.66 3.66 1.66 −0.004 11 0.0113 1.01 −1.01

otational stability formulation based on an energy normalization value of
Dr = �2916Crl
12m2�2
10 + 1944Cr

2l10m2�2
11 + 4cr
3�54l8
6 + 36l6
7�3 + Cr

4m4�4�2916l12
10 + 1944l10
11�2�1/3. �163�
C. Comparing numerics and asymptotics

Results are illustrated in Tables III and IV using dimen-
sional growth rates. These are related to the nondimensional
values via �*=�a0 /R. In Table III, all factors are computed
by numerically evaluating the volume integrals. In Table IV,
the analytical expressions derived earlier are used to estimate
the corresponding factors. From these tables, one realizes
that a non-negligible difference exists between the �1−4

* and
the rotationally adjusted value �1−10

* . More importantly, the
discrepancy suggests, in every instance, a less stable system
than projected by an irrotational model. The additional rota-
tional corrections are seemingly essential to the proper as-
sessment of instability, particularly, in the early stages of
motor development.

TABLE IV. Analytical estimates of irrotational, rotational, and individual g

Motor �1−4
* a �1−10

* ���� �1
* �2

*

�s−1�

Small motor 20.0 118 98.2 96.1 −1.62−4

Tactical rocket −48.9 13.5 62.4 −3.55 −1.43−5

Cold flow −81.0 −42.5 38.5 −49.7 −9.63−6

Space shuttle SRB −5.85 .740 6.59 −1.08 −4.43−8

a

The suitability of analytical approximations in reproduc-
ing the numerically integrated growth rate factors can be
extrapolated from Table IV. By comparison with numerics,
asymptotic expressions derived here exhibit small errors of
1.72%, 8.87%, and 1.16% for the small motor, tactical
rocket, and cold-flow cases, respectively. These trends are
typical of rocket motor configurations and cold-flow simula-
tions. However, for the shuttle solid rocket booster �SRB�, a
maximum error of 23.3% is realized, mainly due to the
smallness of �1−10

* . This relative error is somewhat mislead-
ing in view of the fact that the SRB case exhibits the smallest
absolute error of the four representative growth rate factors.
Clearly, the relative truncation error in the shuttle SRB case
is inflated due to the smaller than usual value of �1−10

* . In

rates �s−1�.

�4
* �5

* �6
* �7

* �8
* �9

* �10
*

−80.1 80.1 40.0 −17.90 0.0644 11.4 −11.4

−35.5 35.5 17.8 −0.721 0.0627 9.64 −9.64

−15.1 15.1 7.53 −0.423 0.0717 4.02 −4.02

−3.60 3.60 1.80 −0.004 18 0.0179 1.01 −1.01
owth

he irr
rowth
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fact, the maximum absolute error rather occurs in the small
motor case with the largest value of 
. It should also be noted
that the agreement between numerics and asymptotics im-
proves in �7

*, and does not change in �6
* as 
→�. The accu-

racy of the analytical approximation also improves in �7
* but

deteriorates in �8
* as L /R is increased. The discrepancy in �8

*

at large L /R does not pose a problem due to the small con-
tribution of �8

*.

D. Growth rate sensitivity

The availability of both numerical and analytical repre-
sentations of the composite rotational growth rate enables us
to examine its sensitivity to different ranges of the operating
parameters. Specifically, one may study its sensitivity to
variations in �Mb ,L /R ,m� and 
 �or �� at constant �b. Later,
the influence of �b will be separately examined. To start, one
may want to vary the oscillation mode number for fixed val-
ues of L /R ,
, and the Mach number. Recalling that km

=m�R /L, increasing m is equivalent to increasing the wave
number km. For every value of L /R, the first two oscillation
modes lead to two increasing values of km. Similarly, since

=m2�2�2Mb

−3R2 /L2, the viscous parameter can be decreased
at constant � by increasing the chamber aspect ratio. As L /R
is varied from 1 to 100, the influence of viscous damping can
be captured by plotting the results at two different Mach
numbers. This is accomplished in Fig. 4 where the numeri-
cally integrated values of �1−10 are displayed at four distinct
values of �. In these computations, �b=−0.45 is fixed be-
cause a value of �=1.3 is used along with a dimensionless
surface admittance of Ab

�r�=1.75; the latter represents the av-
erage of reported values �for live propellants� ranging from
1.0 to 2.5 in Table II.

Figure 4 indicates that increasing � increases the system
stability by leading to an increasingly more negative �1−10.
As mass injection is increased, the curves for �=10−4 and

−3
10 become more closely spaced: the sensitivity to viscous

result is reassuring because most studies concerned with
damping becomes less appreciable as the surface Mach num-
ber is increased from 0.001 in Fig. 4�a� to 0.01 in Fig. 4�b�.
At low Mach numbers, the stabilizing role of viscosity ap-
pears to be more important in shorter motors. However, for a
fixed set of physical properties, more elongated motors ap-
pear to be more susceptible to instabilities. This conclusion is
supported by experimental observations reported by several
investigators.31,32 In Fig. 4�a�, for example, the �=5�10−4

curve predicts an unstable system for L /R�21 at m=1 and
L /R�42 at m=2. Increasing viscous damping to �=10−3

delays instability until L /R�42 at m=1 and L /R�84 at m
=2. This behavior is closely captured by Eq. �157� which
predicts, for Mb=10−3, a critical 
r�2.646. Despite being
outside the asymptotic range of applicability for Eq. �157�,
one can solve for the critical length of motor lr above which
unstable conditions can prevail. This value is obtainable

FIG. 4. Numerically integrated stability growth rate shown over a range of
L /R and m=1, 2. Results are for two values of Mb corresponding to �a�
0.001 and �b� 0.01. In both cases, increasing � or m increases system sta-
bility. Conversely, increasing the aspect ratio at fixed � ,m, and Mb moves
the system in the direction of acoustic instability.
from
lr = m��
r
−1/2Mb

−3/2 �
m��Mb

−3/2

5
6 +

35
3 sinh� 1

3sinh−1�4� 325
4 + 27�− 15

2 − 15�b��/�3535���
. �164�
For �=5�10−4, one finds lr=30.5m, thus providing an ex-
planation for the doubling in critical chamber length when
the mode number is increased to m=2. This result further
supports the criticality of the fundamental oscillation mode
given a finite chamber length.

As one would expect, higher oscillation modes play a
stabilizing role insofar as they require more energy to excite.
For rocket systems having ��10−3 and Mb�10−3, the fun-
damental mode �m=1� is seen to be the most critical. This
predicting critical stability limits have routinely focused on
the fundamental oscillation mode. Interestingly, this behavior
can be corroborated through Eq. �155� given for �1−10.

Figure 5 confirms that a more stable system is achieved
when the viscous parameter 
 is increased. While the system
is unstable in Fig. 5�a� at all practical Mach numbers, it is
marginally stable in Fig. 5�b� and stable in Fig. 5�c�. The
influence of 
 on the magnitude of �1−10 is small in compari-
son with Mb. Nonetheless, the influence of 
 on the sign of

�1−10 appears to be appreciable. These conclusions can also
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be reached by examining Figs. 5�a� and 5�b� where the com-
posite solution is displayed at several Mach numbers and two
practical aspect ratios.

Stability predictions based on the standard formulation
are displayed in Fig. 6�c� for the same range of parameters.
In all cases, the influence of 
 is increasingly more signifi-
cant with progressive increases in Mb. The reason for this

FIG. 5. Stability behavior for a range of L /R and Mb shown at �a� 

=0.01, �b� 10, and �c� 100 and m=1.

FIG. 6. Numerical stability curves at constant Mb shown over a useful range
of 
 and select values of L /R. The system is more sensitive to the stabilizing

�r�
role of 
 at the highest Mb. Here Ab =1.75,�=1.3, and m=1.
behavior may be connected to the impact that the 
Mb
2 term

has on �1−10; this impact is clearly captured in Eq. �155�
for Kr.

The computational results of Fig. 6 support the existence
of a critical value 
r which, when exceeded, will lead to a
stable system—according to the rotational model �Figs. 6�a�
and 6�b��. However, an unstable system is predicted past a
similar value 
i, according to the irrotational formulation
�Fig. 6�c��. The paradoxical behavior shown in Fig. 6�c� can
be accurately reproduced from the analytical expression
given by Eq. �148�.

In Figs. 6�a� and 6�b�, the critical values can be observed
at 
r�5 for l=20, and at 
r�3.5−5 for l=50. According to
the irrotational formulation, increasing viscous damping be-
yond a value of 
i�1.6−2.2 leads to an unstable system for
l=20−50.

It is interesting to note that, contrary to the standard
prediction, the current stability curves shown in Figs. 6�a�
and 6�b� usher an unstable system for 
�1.6, ∀Mb ,m , l, and
Ab

�r�=1.75. This explains, in part, the severe acoustic oscilla-
tions reported in many experimental tests in which the mo-
tors were assumed to be well within the stability bounds set
forth by the standard model.

To isolate the effect of viscous damping, it is useful to
examine the stability behavior versus �=� / �a0R�. Unlike

 ,� is not influenced by the chamber aspect ratio. Curves
depicting the composite and standard formulations are com-
pared in Fig. 7 over a range of � and select values of l and
Mb. As shown in Figs. 7�a� and 7�b�, the chamber is more
susceptible to instabilities when the aspect ratio or the Mach
number is increased, or when � is decreased. Most notably,
the standard formulation predicts directly opposite trends,
namely, an increased stability at larger Mach numbers or
aspect ratios, and at smaller viscosity.

For Mb=0.001, the critical �r and �i that delineate the
stability zones are obtained numerically and shown on the
graphs. In connection with 
r or 
i, the corresponding �r and
�i can be directly evaluated using �=
1/2Mb

3/2l / �m�� for a
specific motor with given l ,m, and Mb. Asymptotic approxi-
mations for these critical values are hence possible using, for
example, Eq. �157�. In fact, for the stated conditions, one
calculates �r��3�10−4 ,8�10−4� at l= �20,50�. These val-
ues compare favorably with their numerical counterparts
shown in Figs. 7�a� and 7�b�.

The stability outcome will markedly change when the
admittance value is altered. The sensitivity to Ab

�r� is critically
important due to the strong dependence of the stability coef-
ficients Ki and Kr on �b. This behavior is illustrated in Fig. 8
where both �r and �i are plotted at several representative
values of Ab

�r� �ranging from −2 to 5�.
Each plot illustrates the solution at l=20 �full lines� and

l=50 �broken lines� for both Mb=0.001 and 0.01. As one can
extrapolate from Figs. 8�a� and 8�b�, the sensitivity to in-
creased motor length and Mb appears to be small when cor-
related versus 
. The sensitivity to 
 is more appreciable, and

�r�
becomes more significant at higher Mb. Increasing Ab in the
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practical range from 1.0 to 2.5 causes an upward shift in the
stability curves, thus requiring progressively more significant
damping to maintain stable conditions.

In order to better depict the sensitivity to motor length,
Mach number, and viscous levels, the stability curves are
plotted versus � �instead of 
� in Fig. 9. An immediate real-
ization is the reduced stability that can be associated with
elongated motors �l=50� by comparison with shorter motors
�l=20�. Another result is the diminished stability at larger
injection Mach numbers for which the sensitivity to motor
aspect ratio is weakened. While the rotational formulation
associates instability with increasing Mb ,L /R ,Ab

�r� or with
reducing �, the irrotational model depicts contrasting trends.
It may be interesting to note the visible deviations between
rotational and irrotational stability curves over this particular
range of Ab

�r�. Recalling that fundamental physical principles
and experimental measurements tend to agree with the new
model predictions concerning the destabilizing roles of
�Mb ,L /R�, and the damping �hence stabilizing� role of �,
current observations further amplify the need to adopt a fully

FIG. 7. Numerical stability curves at constant Mb shown over a useful range
of � and select values of L /R. The rotational formulation predicts a less
stable system when � is lowered or when L /R or Mb are increased. This
explains, in part, the additional instabilities observed in elongated motors.
The irrotational formulation predicts the opposite trends. Here �=1.3 and
m=1.
rotational model.
E. Incorporating thermal effects

The growth rate factors presented here take into account
most of the vortico-acoustic energy gains and losses present
in the system. No account is taken, however, of the dilata-
tional or thermal energy due to combustion, fluid-structure
interactions, particle-mean flow coupling, and turbulence. In
two recent studies by Chu, Yang, and Majdalani,46 and Vyas,
Majdalani, and Yang,47 it is shown that thermal effects due to
combustion can be incorporated into a nonreactive, isother-
mal model similar to the one used here. In summary, the key
lies in increasing the blowing velocity at the wall �of a non-
reactive model� such that it will match the velocity of the
burning products directly above the flame zone. In these re-
cent simulations,46,47 it is shown that the flow outside the thin
flame zone is virtually nonreactive and isothermal. Nonreac-
tive models such as those developed by Majdalani and
Flandro14 become fairly adequate in the outer region occu-
pied by the products. By setting the blowing speed in the
nonreactive model equal to the thermally enhanced gas ejec-
tion speed at the edge of the flame zone, an excellent predic-

FIG. 8. Numerical stability curves shown at constant Ab
�r� over a useful range

of 
 and select values of Mb and L /R. Both rotational and irrotational for-
mulations predict less stable systems with successive increases in Ab

�r�. How-
ever, they differ in their dependence on other parameters. Here �=1.3 and
m=1.
tion capability can be achieved with the closed-form theoret-
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ical solutions utilizing a higher effective Mach number. This
adjustment helps to overcome one of the problems confront-
ing analytical models such as those implemented at the foun-
dation of the stability analysis developed here. The important
effects of hydrodynamic instabilities, fluid structure, and
particle-mean flow interactions are currently under investiga-
tion. It is hoped that additional correction factors will be
further developed to account for other physical mechanisms
excluded in the current study. Specifically, turbulence and
particle damping appear to be critically important for the
overall assessment of unsteady energy gains and losses in the
combustion chamber.

V. CONCLUSION

By incorporating unsteady rotational terms in the energy
balance, a higher-order formulation of the acoustic instability
in rocket motors has been arrived at. The results constitute an
extension to past formulations based on an irrotational rep-
resentation of the acoustic field. The present formulation
comprises six additional growth rate terms that have been

FIG. 9. Numerical stability curves shown at constant Ab
�r� over a useful range

of � and select values of Mb and L /R. The rotational formulation associates
acoustic instability with increasing Mb ,L /R ,Ab

�r� or with reducing �. Oppo-
site trends are projected by the irrotational formulation. Here �=1.3 and
m=1.
discounted in irrotational stability models. These include cor-
rections owing to the rotational flow, inviscid vortical, vis-
cous, pseudoacoustical, pseudorotational, and unsteady
nozzle effects.

Using four representative motors as case studies, predic-
tions due to the unsteady rotational terms are shown to be
non-negligible, thus justifying the dismissal of flow turning
by means of the rotational flow correction and the inclusion
of both inviscid vortical and small viscous corrections. The
analytical expressions presented here are also shown to pro-
vide expeditious estimates of the volume integrals that arise
in the stability calculations. Generally, the error in the ana-
lytical prediction has been shown to differ from the numeri-
cal solution by a few percent only.

The analytical expressions also lead to explicit relations
between the main flow attributes and stability. This permits
calculating critical motor lengths and Mach numbers that
must not be exceeded, or critical damping levels that must be
adhered to in order to mitigate acoustic instabilities. Physi-
cally, the proposed formulation agrees with basic principles
and experimental findings by projecting a less stable envi-
ronment with larger aspect ratios, with higher surface Mach
numbers, and with higher surface admittance values. In the
same vein, a more stable environment is promoted with
higher oscillation mode numbers �which absorb more trigger
energy� and with increasing amounts of viscous damping.
These corrections, which have now been readily imple-
mented into the SSP code,11 provide suitable extensions to
Culick’s elegant framework. Not only do they bring into per-
spective contributions due to the unsteady vorticity and vis-
cosity ��6 and �7�, they also enable us to justify dismissing
the flow turning, loss, thus achieving a formal reconciliation
with other rigorous analyses.34,35 As a windfall, they help to
establish the secondary nature of the pseudopressure which,
in the end, leads to either small corrections or factors that are
offset by others.

Despite the progress made so far in the energy equation,
more work lies ahead. Particularly, refinements are still
needed to capture fluid-structure and particle-fluid interac-
tions that can play an important role in stabilizing the system
energy. A treatment of parietal vortex shedding �PVS� and
intrinsic mean flow instabilities is also warranted in view of
recent findings by Lupoglazoff and Vuillot,31,32 and Griffond
and Casalis.48,49 There is overwhelming evidence that such
instabilities can appear in the absence of inhibitors and inter-
segmental gaps, and lead to a new type of unstable waves
exhibiting short wavelengths and propagating at much
slower speeds than prescribed by acoustic motion. An excel-
lent description of these waves and their contribution to the
unsteady vorticity field are furnished by Griffond.50
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